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Abstract
Nonlinear coupled mode equations occur as universal modulation equations in various cir-
cumstances. It is the purpose of this paper to prove exact estimates between the approx-
imations obtained via the nonlinear coupled mode equations and solutions of the original
parabolic or hyperbolic systems. The models which we consider contain all difficulties

which have to be overcome in the general case.

1 Introduction

Nonlinear partial differential equations on spatially extended domains are very often
described by simpler models, so called amplitude or modulation equations. These
equations can be derived by formal multiple scaling perturbation analysis. Typical
examples of such universal modulation equations are the Ginzburg-Landau equation,
the Nonlinear Schrodinger equation, or the Korteweg de Vries equation.

A very long time the formal derivation has been the only connection to the orig-
inal systems. Only in the last years mathematicians started to analyze the question
whether solutions of the original systems really can be described by the formally
derived modulation equations, see [2, 7, 1, 16, 4, 10]. Interestingly it turned out
that this is in general not true. There are counterexamples [11, 5], where the orig-
inal system behaves differently than predicted by the formally derived modulation
equations.

Motivated by [6], the subject of this paper is the mathematical justification of
the so called nonlinear coupled mode equations (NLCME)

OrA; = 4v0x Ay + aAL + RA- + (m|AL > + 1| A_ )AL,

(1.1)
OrA_ = —v,0xA_+aA_ + kA, + (1AL 2 +7]A_ DA,
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in case of quadratic terms present in the original system. Herein, AL(X,T) € C,
0#v, € R, T>0, X €R, and a,k,7,72 € C. Solutions u of the original systems
can be described by

u(z,t) = e Ay (%2, %) p  eFor Tt L e A (2x, %t)p_e Hortivol ¢ e 4 O(£?)

with 0 £ kg € R, 0 # wy € R, x € R, t > 0, with ¢ in a Hilbert space, where c.c.
means complex conjugate and where 0 < ¢ < 1 is a small parameter.

The NLCME appear for instance in the nonlinear propagation of light in an
optical fiber waveguide with an underlying spatially periodic structure [6]. In case
of « = 0 and k,7y;2 € iR they possess so called gap soliton solutions which play a
big role in nonlinear optics.

As already said it is the purpose of this paper to prove exact estimates between
the approximations obtained via the NLCME and solutions of the original systems.
In order to keep the notations on a reasonable level we refrain from greatest gener-
ality and consider two special model problems as original systems which contain all
difficulties which have to be solved in the general case. This has to be understood
in the following sense. The NLCME are justified as a modulation equation if the
dynamics in the original system can be predicted by the NLCME. This means that
to solutions of the NLCME for T' € [0, Tj] there should be solutions of the original
system for ¢ € [0,Ty/e?] which can be approximated via the NLCME. Since these
solutions are of order O(¢), Gronwall’s inequality only gives error estimates on time
scales O(1/¢) if quadratic terms are present in the original system. If the nonlinear-
ity starts with cubic terms Gronwall’s inequality gives estimates on the right time
scale O(1/£?). This has been used in [6], where the NLCME have already been jus-
tified as a modulation equation for the equations of nonlinear propagation of light
in an optical fiber waveguide with an underlying spatially periodic structure.

From a perturbation theoretical point of view the handling of quadratic nonlin-
earities considered in this paper is the real challenge. In this sense our methods
apply to the general case.

We have to distinguish hyperbolic and parabolic systems. In hyperbolic systems
the required time scale can be obtained with the help of a normal form transform.
See Section 2. In the parabolic case the required time scale can be obtained by using
the smoothing properties of the linear semigroup and by controlling the nonlinear
mode interactions. See Section 3.

By the results of this paper it is clear that the NLCME provide good approxi-
mations of the dynamics in the original systems and do not have to be added to the

counter examples of not useful modulation equations.



Notation. Throughout this paper we assume 0 < ¢ < 1 and denote many different
constants uniformly by C' if they can be chosen independent of 0 < ¢ < 1.

2 The nonlinear wave equation

In this section we consider the hyperbolic case. The easiest model problem with a
quadratic nonlinearity is a Klein-Fock equation with a spatially periodic potential

Ofu = 02u — u + 2%k cos(2ko)u — u? (2.1)

with z,t € R, u = u(z,t) € R, k,ky € R. This equation is a simplified purely
phenomenological version of a system of nonlinear partial differential equations con-
sidered in [6] describing the nonlinear propagation of light in an optical fiber waveg-
uide with an underlying spatially periodic structure. In [6] for the more complicated
system, but without quadratic terms, it already has been shown that the NLCME
provide good approximations of the solutions of the original system.

It is the purpose of this section to show that this is also true in the case of
quadratic terms present in the nonlinearity, when as explained in Section 1, an
application of Gronwall’s inequality is not sufficient to obtain the required error
estimates.

The method we use goes back to [7], where the validity question for the Nonlinear
Schrodinger equation has been handled using averaging methods. A similar problem
has been solved in [12] with the help of a normal form transform. By this method
all quadratic terms can be eliminated such that after the transformation the proof
for the cubic nonlinearities becomes applicable. In order to get rid of the quadratic
terms the original system has to satisfy some non-resonance condition, see (2.13)
below. In the same way we proceed for the validity question of the NLCME.

In the Nonlinear Schrédinger case there are no terms for the interaction of the
counter propagating wave packets in lowest order. See [9]. For the NLCME the
interaction term for the counter propagating spatially localized wave packets is of
leading order and has to be included into the NLCME.

2.1 Derivation of the NLCME

In order to derive the NLCME we let X = %z, T' = £*t and make the (preliminary)
ansatz u(x,t) = eV, (x,t,¢) with
el (z,t,e) = eA1(X, T)EF + 2Ay(X, T)E*F? + 1c2Ao(X, T)EF°
+eB1 (X, T)E™'F + 2By (X, T)E~2F? (2.2)
+e?Ey( X, T)E? + e2Fo(X, T)F? + c.c.,
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where E = ¢*% such that 2 cos(2koz) = E*4+E~2 and F = &0 with wy = /A2 + 1
determined by the linear dispersion relation for (2.1). Inserting (2.2) into (2.1) gives
0= &*d(wi—kp)As—As—ATE*F? + *[4(wi—kg) Bo—Bo—BIJE*F?  (2.3)
+e[—Ag + 2(| A1 + | Ba[*) [E°F°
+e?[—2A1B1—(1 — 4wd) Fy|F? + %[—2A, B_1—(1 + 4k3) ) E?
+-&3[—2iwOr Ay + 2ikeOx A1 + kB,
—2A0A,—2A3A_—2B,E,—2B_, F,)EF
+-&3[—2iwgdr By —2ikoOx By + kA,
—2A¢B,—-2ByB_—2A\E_y—2A_FL)E7'F
+e®[kB1—2A_ 1By — 2B E_H]E°F + &’ [k A —2A4,B_1—2A, B,|E’F
+&3 241 By—2B FRJE'F? 4 &3[-24,B,—2A, F,|EF?
+&3[ 2B, Bo]E*F? + £3[—2A, A, EPF? + c.c. + O(e%),

2

where A_;, = Ay, B_y = By, E_i, = E}, F_j, = F},, and where we used
O} (B(e’x,’t)EFFY) = (e*02.B(X, T) + 2iwoqe®0rB(X,T) — wi¢*B(X, T))EFPF?

and similarly for 2. Equating the coefficients of e2E*F? 2E~2F?, ?E'F°, £2F?
and £?E? to zero and using w? — k% = 1 gives

Ay =3AT, By=3Bi, Ay =2A" +|Bi[),

o " (2.4)
F, = mAlBh Ey = mAlel-
Inserting this into the coefficients of e3EF and e3E~'F we obtain
—2inaTA1 + 21]{30896141 + KJBl
—2(2|Ai [ + |Bi[))Ar — 2|Ai A, + 4 (@ 1 @) |By|?A; =0, 25)

—21w03T81 - QIkOamBl -+ HAl
—2(2|B1* + |Ai[*) By — §|Bi[* By + 4 (ﬁ + m> |A1?By = 0,

i.e, the NLOME with

7i i 1 1
vy = Kofwo, 7 3wo e 7 wo (1 + 4k3 + 1-— 4wg)

2.2 The approximation result

As a number of counterexamples [11, 5] show, it is not obvious that the dynamics of
(2.1) can be predicted by the formally derived system (2.5). We show the following
result.



Theorem 2.1 Let (Ay, By) € C([0,Tp),[H*(R,C)J?) be solutions of the NLCME
(2.5) for a fized Ty > 0. Then there exist €9, C' > 0 such that for all € € (0,¢e0) there
exist solutions w of (2.1) which can be approzimated by

eVo(z,t,¢) = eA(e*x,*t)EF + By (e®x, et ) E'F + c.c.

such that

sup  |Ju(-,t) — eWo(-,t,e)|lco < O
t€[0,To /2] b

Remark. The error of order O(£?) is small compared with the solution and the
approximation which are both of order O(e) for all 0 < t < Ty/€?, i.e., the dynamics
predicted by the NLCME (2.5) can be seen in (2.1).

Proof. We write the solution u as a sum of an approximation eV and an error £2R.

Then the error is determined by the equation
O}R = 0°R — R+ 2¢%k cos(2kor) R — 26V R — £*R* 4 £ *Res(eV¥), (2.6)

where the residual Res(eW) is defined by all terms which do not cancel after inserting
the ansatz into (2.1), i.e.

Res(u) = —0u + 0%u — u + 22k cos(2koz)u — u?.
It is easy to see that for f = O(1) the inhomogeneous equation
O’R = 0’R— R+ &*f

has O(1)-bounded solutions R for all ¢ on a time scale of order O(1/¢?). Thus
there are two difficulties which have to be overcome in order to prove the O(1)-
boundedness of the error R. We have to

a) prove that the residual Res(e¥) is of order O(e?),

b) control the influence of the term 2eWR.

We start with the goal in a) which can always be achieved by adding higher order

terms to the approximation defined in (2.2). We define the final approximation

eWy(z,t) = eA1(X, T)EF + 2 Ay(X, T)E*F? + %ezAO(X, TE'F®  (2.7)
+eBy(X, T)E'F + £*By (X, T)E*F?
+e?By(X, T)E? + *Fo(X, T)F?
+e3H_3,(X, T)E’F + & Hs (X, T)E’F
+e*H_ 1 3(X, T)E™'F? + &*H, 3(X, T)EF®
+e*H_33(X, T)E°F? + e*Hy 3(X, T)E*F? + c.c.
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where A;, By solve (2.5), where Ay, Ao, By solve (2.4), and where H_3 1, Hy1, H_; 3,
Hi3, H 33, Hj3 solve

EEF . (wg—9ki—1)H 3, + kB1—2A_By—2B,E_, (2.8)
= —8kiH 3, + kB1—2A 1 By—2BE_5 =0,
EE'F 1 (wj—9ki—1)Hs 1 + kA —2A:B_1—2A, F;
= —8kjHs, + kA1 —2A45B 1 —2A,F, =0,
EEF . (wi—ki—1)H_13—2A,B,—2B F,
= 8wiH 13—2A,By—2B Fy = 0,
B'F? . (Qwi—ki—1)H, 3—2A45B,—2A, F,
= 8wpH, 3—2A45B,—2A, F, = 0,
EEPF: (9wi —9ki — 1)H 33 —2B1By =8H 33 — 2B, By = 0,
’E°F? . (9wg — 9k5 — 1)Hz3 — 2A1 Ay = 8H3 3 — 24, Ay = 0,

with A_; = A;, B_; = B;. Thus, by adding the terms H,; to the original ansatz
all terms of order O(£?) in the original residual can be eliminated, and so the final
residual will be of order O(g*).

To formulate and prove this rigorously we have to choose some function spaces.
We consider (2.1) in Fourier-space and look for solutions in L'(R,C). In the fol-
lowing we usually simply write L!(R) for both real and complex valued functions,
and similar for the other spaces appearing below. The choice of L!'(R) is mainly
motivated by the invariance of L!(R) with respect to scaling in the following sense;

defining the scaling operator S. by (S.u)(x) = u(ex), for the Fourier transform

u(k) = (Fu)(k) = % /u(x)e_“mdx

of a scaled function we obtain

1 1
f(Seu) = gS; (fu) and ||ﬁHLl = HgS;ﬁHLl.
Estimates for 4 in L!'(R) transfer easily into physical space, since F~! is continuous
from L'(R) into CP(R) equipped with the sup-norm, i.e., [|ul[co < [[[|1, but not
vice versa. We remark that in classical Sobolev spaces H™(R) we would loose too
many powers in ¢ since ||Sez Al gm < Ce || Al gm.

Before we go on with the proof we recall some basic facts. Let

1@l = / a(k)[P(1+ (k%)™ dk,  LP(m) == {d € LP(R) : [[il| 1o(m) < 00}.



Fourier transform is an isomorphism between H™(R) and L?(m), i.e., there exist
constants C,Cy > 0 such that [jul|gm < Cil|d||r2pm) < Caoflul|gm. Sobolev’s in-
equality is given by ||@|/z1m) < C|ld||r2(mts) for s > 5 and a constant C' = C(s).
Multiplication in physical space corresponds in Fourier space to convolution

(a*@)(k)z/a(k—e)@(e) Al with a9l < |6]0a]|al 1.

With these estimates and the formal computation from above we may estimate the

residual as follows.

Lemma 2.2 Let Ay, By € C([0,Tp), [H3(R, C)]?) be solutions of (1.1). Define Ay, As,
By by (2.4) and H,j by (2.8). Then there exist positive constants C,eq > 0 such
that for all € € (0,¢0) the approximation VU defined in (2.7) satisfies

sup [[FeWs(,t)]lps < Ce and  sup ||F(Res(cWs(-, 1)) < Ct.

t€[0,To/e?] t€[0,Tp /2]

Thus we have shown a) of the above program. In order to establish b) we consider

(2.1) in Fourier space, i.e.
ofa(k) = (—k* — Da(k) + s[®u(k +2) + 2a(k — 2)] —a*a(k).  (2.9)

To eliminate the term —2¢WR in (2.6) we use a normal form transform. Due to
the special structure of (2.1) it is possible to eliminate the quadratic terms in (2.1)
completely. This has been observed in [14] and used since this time for different pur-
poses. However, for the validity proof there is no need for the complete elimination
of all quadratic terms, see [12].

We formulate (2.9) as a first order system

Ot = L+ N (@), (2.10)

_ 1 I 0 VE2+1
N L0 ) O\ —VE2+1 0 '

)
N(@) = ( 1 (H(52@1(k_2)+52%1(k:+2))—(ﬁ1 * fbl)(/f))) .
b

1

) . o e
Diagonalizing (2.10) by @ = Sv with S = 7 (_1

1
) ) we obtain
—3

0o = Mb + N(0), (2.11)



We write

N(9) = Ny (D) + No(0,0)
with Nj linear in ¥ and N, containing the bilinear terms of N and make a near
identity change of variables

0 =w+ B(w,w) =T () (2.12)
with B an autonomous bilinear mapping. This gives
Oy + B(0pw, w) + B(w, Oyw)
= M + MB(w, %) 4+ >Ny (0 + B, w)) + No(b,0) + O(||]|*)
and so
Oy = Mw + MB(w,w) — B(Mw,w) — B(w, Mw) + No(w, w)
+2Ny (0 + B(w, w)) + O(||0]|*).
In order to eliminate the quadratic terms Ny (1w, @) we have to find a B such that
M B(w,w) — B(Mw,w) — B(w, Mw) + Na(w,w) = 0.
With
2
(Na(, )y = /nhpq<k, k— €, 0, (k — O)iby(€) de,

ij=1
2
(B, = 3 [ bl = € )iy (0 = (0

ij=1
for the h-th component of Ny and B, A(k) = —Xa(k) = iVk? + 1 and nppg, brpg
some coefficients we obtain the well known relation

(An(k) = Ap(k =€) — Xg(€))bnpg(ky kb — €, 0) = nppg(k, k — €, 0).

This can be resolved with respect to by, due to the non resonance property

CE ) = Ak — ) = A, (0)] > 1 (2.13)
’p}cq,leﬁg

of the dispersion relation of (2.1). Since  sup  |npp(k, k—0,0)] < C < oo we

klER,p,q=1,2
obtain
2
(B 0)ls = [ |3 Tl k£, -1, (0)] e
pg=1
2
< sw (b b=00] [ [l k-0, (o) d ak
kleER p,q=1,2

p,g=1
< Clldllp |1 z1.



Thus the transformation (2.12) can be resolved with respect to w for ||wl|p: suffi-

ciently small. Therefore (2.11) transforms into
Oy = Mw + Nj(w) (2.14)
with a nonlinearity N3 which satisfies
IN3(@)[| 11 < Ce2[Jd] 2 + Cll]l 7

for a constant C' if ||| < § for a fixed 6 > 0 sufficiently small independent of
e>0.

We write a solution w of (2.14) as a sum of an approximation eU and an error
£2R. The approximation eV is defined by

- FU,
eV =T""5"
(FuariTr)

and satisfies the assertions of Lemma 2.2. Therefore the error R satisfies a differential

equation of the form
&R = MR+ h(c¥, R)

with

Ih(e¥, R)||1r < Cre®||R| 12 + Cag®|| Rl[71 + Cress,
where the constants C; and Cres (coming from the residual) are independent of
e € (0,1) and ||R||;r and where Cy is independent of ¢ € (0,1) but depends on
Crmax = SUPieiomy/e2) [R(1)][21. Choosing & > 0 so small that Co(Crax)e < 1 we

obtain
||R(t)||L1 S CvRese(OH_l)TO = Cmax

with the help Gronwall’s inequality. Doing back all transformations and using

SUD;c (o1, /e2 [1EW2 — Wol| = O(e?) shows the assertion of Theorem 2.1. O

3 The Swift-Hohenberg model

In this section we consider the parabolic case. The easiest model problem with a
quadratic nonlinearity is a system of coupled Swift-Hohenberg type equations

Oz u ) 5 . U—v
U = AU+c +e“apUA+2e" K sin(2x) +N(U,0.U), (3.1)

— 0, v—1u

— 1 82 2
where U = U(Iﬂf) — c R2, AU = ( + a:) u
v(z,t) (140



¢ >0, ap,k € R, and where N is some quadratic nonlinearity with (N7, Ny) +—
(N2, Ny) as x — —uz, such that (u,v) — (v,u) as ¢ — —z in (3.1). This system is
a phenomenological model of a reflection symmetric, pattern forming system in a
spatially periodic domain undergoing a Hopf-bifurcation at a non-zero wavenumber
ko = 1, where 0 < € < 1 is the small bifurcation parameter.

Setting

1 0
€1 = ) € = )

0 1

the constant coefficient linear part Ly of (3.1) with

) Oxu
LlU:AU‘i‘EOéoU—'—C )

—0,v
fulfills Lye**e; = \;(k)e;, where
M(E) = —(1 = k*)? +ick + ape?,  Ma(k) = —(1 — k%)% — ic + ape.

Therefore, the linear semigroup e*** damps all modes ek J (k) except of the so
called critical modes with |k| in a small neighborhood of the critical wavenumber
ko. The basic idea used for proving the approximation result for the NLCME below
is to separate the critical modes from the stable modes with ||k| — 1| > 1/4, and
to control the quadratic mode interaction. This idea goes back to [10], where the
validity question for the Ginzburg-Landau equation for quadratic nonlinearities has
been handled. In order so see interesting effects of the spatially periodic coefficient
2e%k sin(kyx), its wavenumber k, has to be in resonance with the critical wavenumber
ko = 1,1.e. k, = nkq for some n € N. See, e.g., [3, 15]. Choosing n = 2 is the simplest
possibility to obtain the NLCME.

A particular simple choice for N (U, 9,U) that leads to NLCME in the regime of
gap solitons is

N(U,0,U) = fi(u® + v?) 1 + fa(uO,u + v0,v) ! (3.2)

—1

with suitable coefficients fi, fo € R. For notational simplicity we will use this non-
linearity throughout.

Remark. For systems like (3.1) the long time dynamics of the bifurcating solutions
can be described by a system of singularly coupled Ginzburg-Landau equations in

which space scales as X = ez, see, e.g., [13]. If we consider the special class of

10



very long wave modulations X = ¢z of the most unstable pattern we arrive at the
NLCME which describe some interesting transient dynamics in the original system
before the Ginzburg-Landau equations take their role in the description of the so-

lutions. This is sketched in Figure 1.

Ul(t, {L‘)

—~ v ——
O(1/e2) O(1/¢)

Figure 1: Sketches of the dynamics of (3.1). a) transient dynamics, envelope described
by NLCME; b) example of asymptotic dynamics described by coupled Ginzburg-Landau
equations.

3.1 Derivation of the NLCME

We let again E = e, F = et X = &2z, T = £2t. As before we start with a

preliminary approximation
eV (z,t) = [eA) (X, T)EF + 2 A5 (X, T)E*F? + E;AO(X, T)ler (3.3)
+eB1(X, T)E™'F + By (X, T)E *F* + %230()(, T))es
+e2C_9,E*F%e; + Dy s E*F2e, + c.c..

Inserting (3.3) into (3.1) gives

2

™

0= [—Ao+2f1(|A|2+|B|2)]E°F°el+z—2[—Bo+2f1(|A|2+|B|2)]E°F°ez (3.4)
e2[—9Ay+(fitifo) A E*F2e, +2[—9Bo+(f1+ifo) BY | E 2 Fe,
2[(=9-2ic)C g0+ (f1—if2) B JE*F?e,

2[(=9 + 2ic) Dy o+ (fi—if2) A2 E*F2e,

+&3[—Or A1 +cOx A1+ AL HikBi+(2fi+if2) (Ag A+ Ay A1) |EFe;

+ o

+e
+ée

11



+&3[—0p By —cOx B+ By +Hik A1 +(2f1+if2) (B B1+ By B_1 ) ]E ' Fey
+&3[ikA_1+(2f1—if2)(BoBi+ByB_1)|JE"'Fe,
63[1/<;Bl+(2f1—1f2)(A0A1+A 2A1)|EFe,
e¥(2f1—1f2)C o2 A |EFie 1 +£3[(2f14+ifs) Do o B | EF?e;
3(2f14+if2)C oA |E  Fiey+e%[(2f1—ifs) Doo B |EF e,
e¥(2f1—2if2)C a9 A)E 2 F2e 4+ [(2f1+2if2) Do Bo|E*F?e;

[

[

[

[

[

+ 4+ + + +

(

(

(

e2[(2f142if2)Ca 0 Ao E*F2ex+e°[(2f1—2if2) D2 2 Bo|E*F2e,
(2f143if2) Ay A B Foe1 +£3[(2f1—3ifs) By B |E°Fe;
(
(
(

)¢

’ )
e3[(2f1—3ifo) AL A E3F2ey+e°[(2f1+3ifs) Bo B |E*Fe,

)

)D

+

€

+

"—53 2f1—|—31f2 D QB 1—1/£A1]E3F€1—|—€ [(2f1—3if2)0,272A,1—i/fBl]E*?’Fel
e 2f1—-3ifs
+c.c. + O(eh),

_I_

QB 1 —IHAl]E3F62+€ [<2f1+3if2)0727214,1 —i/iBl]EisFeg

where A_; = A;, B_; = B;. In the seventh line the (preliminary) residual starts,
see below. Solving for Ay at e2e;, for Ay at e2E2F2e,, for By at £%e,, for By at
e?E2F2e,, for C 99 at ?E~2F? and for Dy at ?E%F?e,, ie.

Ao = 2f1[A1*+|B1), Bo=2f(A’+Bi*), A» = 5(fitife)Al ete., (3.5)

the order O(g?) terms vanish. Inserting the results into the equations at e*EF and
e3E~'F we obtain the NLCME for A, By, i.e.,

OrAr = cOxAi + agAr +ikBy + (11| A1|? + 72| Bi?) Ar,

(3.6)
OrBy = —cOx By + oy By + ikA1 + (1| B1]* + 72|41 |?) By,

with
. 1 . .
71 = (2f1 +if2)(2f1 + §(f1 +if2)), 72 =2f1(2f1 +ifa).
Remark. Note that for the derivation of the NLCME (3.6) the terms £2C_5 ;s E~?F?¢,

and £2 D, E?F2e, are not needed. However, they are needed to produce a formally
consistent approximation, i.e., to remove the O(£?) terms from the residual in (3.4).

In general one would also need
520270E261, 620072F2€1, €2D_2’0E_262, €2D0’2F2€2 (37)

in (3.3) to balance terms at e?E?%e;, e?F?e;, e2E%ey, e?F?e, in (3.4) generated by the
quadratic nonlinearity. However, due to our special nonlinearity, i.e., since there is

no uv in (3.2), these terms are not generated. Thus we may omit the terms from
(3.7) in (3.3).
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3.2 The approximation result

In contrast to the hyperbolic equation (2.1) system (3.1) is dissipative and allows for
bigger spaces concerning the local existence and uniqueness of solutions. Therefore,
we consider (3.1) in uniformly local Sobolev spaces H}(R), where again in the
notation we usually do not distinguish between real or complex or vector valued
functions. The Banach spaces H''(R) contain all kinds of bounded functions and

are defined as follows: fix the weight function p(z) = 1/ cosh(z) and let
Jull, = sup [ Ju(o)Pole + 9, Z(R) = {u € L2(R): Julls, < oc.
y

Ly(R) = {u € Ly(R) : [Tyu —ullpz, =0 as y— 0},
where (T,u)(x) = u(x — y). Then

H'R):={uel? :duecl? for 0<j<k} (3.8)

Since the spaces H™ (R) are based on L?*(R) the global existence of solutions for typ-
ical dissipative systems can be shown via Fourier transform methods and weighted

energy estimates, see [10, 8]. Moreover we have the estimates
1S540 3, < 67| Allz, and (1S54, < CllAllay, (3.9)

where as before (S5A)(x) = A(6x). In the first estimate the factor 67/2 is due to
scaling, and the second estimates holds due to [|Ss A2, < C||S5A[[p= < Cf|Af|p= <
Cl|All 1, and the scaling properties of the derivative. With these preparations our
approximation result reads as follows.

Theorem 3.1 Let (A}, By) € C([0,Ty], [H}(R,C)]*) be solutions of the NLCME
(2.5) for a fized Ty > 0. Then there exist €9, C' > 0 such that for all € € (0,¢e¢) there
exist solutions w of (2.1) which can be approzimated by

eVo(z,t,¢) = Ay (e, e*)EFe; + e B (e, *t)E~'Fey + c.c.

such that

sup  ||U(-,t) — eWo(-, t,8)| . < Ce?
[t€0,To /2] ul

Proof. As in section 2 we start with a brief formal discussion. We set

U—v
LyU = 2k sin(2x)

vV—=U
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and write the nonlinearity as a symmetric bilinear form N, (U, U), i.e.,

N(U,V) = = [N(U,8,V) + N(V,9,U)] .

N | —

Letting U = eV + 2R, where ¥ will be close to ¥y, the error R fulfills
OR = LR+ *LyR + 2e N, (U, R) 4 2Ny (R, R) + ¢ *Res(e¥), (3.10)

where

Res(U) = —0,U + LU + €*LyU + Ny (U, U). (3.11)

From the properties of the semigroup generated by Li, see below, it follows that
for |[fl|z2, = O(1) the inhomogenous equation 0;R = L1 R + e2LyR + % f has O(1)-
bounded solutions R in H.(R) for all ¢ on a time scale of order O(1/e?). Therefore,

roughly speaking, we again have to
a) show that [|[Res(eV)][2 is sufficiently small,
b) control the influence of the term 2Ny (U, R).

In order to achieve a) and b) we use the method from [10] and introduce so called
mode-filters to separate the critical from the stable modes.

However, first we modify our approximation ¥, in such a way that in the residual
of (3.4) all coefficients of e3E*'FJ, j = 1,3 vanish, since these terms are critical
modes. The remaining O(g?) terms in the residual belong to damped modes and
will be controlled using the mode filters. By a simple calculation we find that the
coefficients of e E*'F/, j = 1, 3 vanish if we modify ¥; to

eWy(x,t) = eVy(z,t) +3[C_1 \E7'F + C_1 3E7'F? + C1 3FE?]e;

(3.12)
*|>€3[D1’1EF + D_173E71F3 + Dl’gFEB]eg
where C; ;, D; ; satisfy
—21007171 + i/’iA,l + (2f1_1f2)(BOBl + BQB,l) = 0,
—2iCD1,1 + iﬁBl + (2f1—if2)(A0A1 + A_QAl) = O, (3 13)

_4160_1’3+(2f1_ifQ)C_Q’QAl = 0, —2100173+(2f1+if2)D27231 = O,
—210D7173—|—(2f1—ifQ)C,ZQAl = 0, —4iCD173+(2f1+if2)C,272A1 = O

Note that adding the O(&?) terms to ¥; does not change the remaining O(£?) terms
in (3.4).
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For the mode filters we use multipliers: given a function M € L>*(R,C), we
define a multiplier M : L?(R,R) — L*(R,R) by multiplying @ with M, ie.,

Mu = F~H(Ma).
In typical examples M is a characteristic function, or the symbol of a differential

operator, see below. The following lemma shows that such multipliers extend to

bounded operators in uniformly local Sobolev spaces.

Lemma 3.2 [10, Lemma 5] Let meZ, (1+|-|2)™2M( - )eC?*(R,C) and geN. Then
M extends to a bounded operator (denoted by the same symbol) M : HL(R) —
HE™(R) with

1Ml yasm < Clg,m)|[(L+ |- )™M )llez llullg
with C(q, m) independent of M.
Now the mode filters are defined as follows. Let y: R — R be a C* function with

1, |k] <1/8
Xo(k) =< €0,1], 1/8 < |k| < 1/4
0, 1/4 < |k|

and let Ej be the multiplier formally defined by x¢. Similarly, define E. by

Xe(k) = Xo(L+ k) + xo(=1 + k),
and let F;, =1d — E.. We call E., E; mode filters since they separate critical and

stable modes. Since they are not projections it will be helpful to define auxiliary
mode filters E" and E" by

Xo = xo((1+k)/2) + xo((=1+k)/2), x% =1—x0(2(1+k)) = xo(2(=1 + k).
Note that E"E. = E. and E"E, = E,. Finally, for U = (u,v)” let

E.u N Ehu b Ehy
EU = , Es=1ld—-E., EU= , &g =
Eov EMy EM
We define our final approximation ¥ by applying Fy to all A;, B;,C; ;, D;; in Vs,
ie.,
eV(z,t) = e[(EpS2 A1) (T)EF + £2(EpS-2 Ag)(T)E*F? + .. Jey + ... (3.14)

and assume that (A;, By) fulfill the NLCME (3.6) and Ay, As, By, B2, C_22, D23, ...
fulfill the auxiliary equations (3.5), (3.13) as before. In order to show that the filtered
approximation W is close to Wy and to control Res(e¥) we need the following lemma

that estimates multipliers acting on scaled functions.
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Lemma 3.3 [10, Lemma 6] Let m € N and (1 + |- |2)"™/2M(-) € C%(R,C). Then
IS |

< Clg,rm) (L +1- 12N+ ko)) ez ISl egan - sy 10

for all g > r > m, with C(q,r,m) independent of M.

In particular, in the situation of Lemma 3.3 assume that M (ko + k) = O(|k|*) as
k — 0 with s < m. Then [10, Lemma 7]
I+ 1 B2 M (8(ko + )l = O(8°). (3.15)
Using Lemma 3.2 with ¢ = 4, r,m = 3 and (3.15) we obtain
I(1d —Eo)[(S2 A)E'F]| g, < C|(Id — Ep)[(Se2 A)E] ||y, (3.16)
<A+ P)2(01 = xo(€( + )zl Sezll o,y [All s, < C<°.

This holds since 1 — xo(e%(j + k)) = 0 for |k + j| < 1/(8¢?), for ¢ sufficiently small.
By (3.16) W is close to Uy, i.e.

[Ty — U1 = O(°), (3.17)
To estimate ||Res(eW)][ ;1 we also need estimates of (Id — Ey)[0L (S2A)E/F!]. Using
Lemma 3.3 with ¢ = 3, r,m = 2 we obtain
1(Id — E0)[0x (S AYEF || gy, = €| (Id — Eo)[(Se2Ox A)EVF] |
<A+ )72 = xo(€G + DDllepllSeall ey, l10x All g, < Ce®,

and similarly for higher order derivatives of S.2A.

(3.18)

In order to achieve b) we now split the error into a critical part 2R, and a stable
part 3R, i.e., we let

e?R=¢’R.+&*R, with &"R.=R. and &R, =R,.
Moreover, we introduce
g\I]c = E(E0562A1)<T)EF61 + 5(E05€2Bl)(T>E_1F62 + c.c.,
20, = el — e,

such that e¥, contains the lowest order critical modes and €2W¥, contains the stable
modes and the O(g?) corrections of the critical modes. In fact, by (3.16) we have
Vs, = O(1). Inserting U = eV, + e2W, + 2R, + 3R, into (3.1) gives

8tRc+€8tRs = L1Rc+€L1RS+€2L2RC+€3L2RS+2ENQ(\I/C, Rc)

(3.19)
+e2Ny(Re, R.) + 2GR + €3Go(R) + e *Res(e V),
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where
G1R = 2[Ny(¥., R,)+ Ny (¥, R.)], Ga(R) = No(Rs,2V+2R. + €Ry).

The crucial feature of quadratic nonlinearities is that the quadratic interaction of

critical modes generates only stable modes, i.e., for u,v € HL(R) we have
E.N(E"u, E") =0, (3.20)

where N : H(R) x HL(R) — L?(R) is some bilinear mapping. This follows from
looking at the support of FE"u, see [10, Lemma 9].
We define R, and R, to be the solutions of the system

O;R. = LiR. + £26.(LaRe + G1R) + €N (R) + £25.,
OiRs = LRy + LyR. + eN4(R) + 05, (3.21)
(Re, Rs)|t=0 = 0,
where
Ne(R) = E(LaRs + G2(R)),
5. = e 1€ Res(eW),
LsR. = 2E,(N> (¥, Re)),
Ny(R) = E(LaR. + G1R + No(R., R.) + eLoRs + eG2(R)),
ds = e 3ERes (7).
If (R., Rs) is a solution of (3.21), then R. + €R; is a solution of (3.19). In the
derivation of (3.21) we used

E.Ny(V,, R)=0 and E.Ny(R.,R.)=0

due to (3.20). Thus there are no order O(g) terms linear in R, and no order O(g?)
terms nonlinear in R. in the equation for the critical part R. of the error. This
corresponds to b) on page 14.

For the approximation eW¥y defined in (3.12) all terms at orders e’E*! in (3.4)
vanish by construction, i.e., formally we have £.Res(sW¥y) = O(e?). For the filtered
approximation W we obtain rigorously

IERes(e W)l 2, = O(eY),  [|ERes(eP) ]y, = O(e?), (3.22)

using (3.16) and (3.18). See also [10, Lemma 8| for a detailed proof of this result in
a related problem. Basically, (3.22) corresponds to a) on page 14. The nonlinearity
N(R): H,{(R) — L%(R) with



is a sum of linear and bilinear terms and therefore locally Lipschitz. In order to

solve (3.21), for j = 0,1 we introduce the spaces

H = C([0,To/e”), [HL(R)P) with ||(Re, Ro)llss =  sup (| Bell o+ Rsll s ).

0<t<Tp/e?

invert the linear part of (3.21) and apply a fixed point argument. By (3.22) we have
1(0c, 8s)[l71 = O(1). Note that E! (resp. ) leaves the equation for R, (resp. R)
invariant. Therefore we first estimate the solutions of

8tRc = Lch + EQSC(LQRC + GlR) + €2fc,

(3.23)
8tRS = LIRS + LSRC + fs

with E"f. = f. and E'f, = f,. Using a modification of Lemma 3.2, we obtain for
the linear semigroup generated by L; the estimate

||6tL15£||L(L§l,H31) < e, (3.24)

due to the compact support of x" and since Rel;2(k) < age? for |k| € [3/4,5/4)].

Similarly, for some oy > 0 we have

Al(-)t

e Elleqg my < N1+ P2 O lewre) < Ce (147, (325)

6)\2(~)t

since Re); o(k) < —20q for |k| & [3/4,5/4] and since \;2(k) ~ —k* as |k| — oo.
From (3.24),(3.25) follows the local solvability of (3.23) in HL(R). Writing the
solutions R., R, as

¢
RC(t) =¢* / el=h (5C(L2Rc + G R+ fc)dT,
0
¢
R(t) = / eI (LR, + f,)dr
0
and introducing S;i(s) = sup, <, || R (-, 7)|[12, we obtain

S(t) < Jy O+ (t = 1) 7 He ot dr(S,(t) + || fll40)

(3.26)
< CSe(t) + C[ flre-
Inserting this into the equation for S, shows that
Su(t) < €% [ CeC=*E(OSo(7) + || o) dT. (3.27)

Gronwall’s inequality gives S.(Tp/e?) = O(1). Thus we have J € L(H°, H') for the
solution operator J of (3.23).
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Applying J to (3.21) we obtain R = J§ + &]J\Nf(R) =: F(R). For 0 < € < ¢
for some gy > 0 the function F' : H' — H' is a contraction on a ball in H' with
radius O(1) and center J§ due to the Lipschitz continuity of N and the factor ¢ in
front JN. Thus there exists a unique fixed point which is a solution of order o)
of (3.21). Using (3.17) and [|e¥y — ePq|lzn = O(e?) the proof of Theorem 3.1 is
complete. O
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