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Abstract

The variational principle for relaxed toroidal plasma-vacuum systems
with pressureis applied to axially periodic circular cylinders. More pre-
cisely equilibria with cylindrical symmetry are investigated for their po-
tential to be a relaxed state. Sud equilibria are characterized by their
pinch ratio , the jump of the pitch angle of the magnetic eld acrossthe
plasmaf{vacuum interface, a constart plasmapressure , and the ratio | of
wall radius over interface radius. In the limit of an in nitely long cylinder
the necessaryand su cien t condition for the equilibrium to be a relaxed
state de nes one or two intervals of allowed values of the pinch ratio
which depend still on the other parameters. Theseintervals are contained
in the interval known from Taylor's theory, but are generally smaller. They
are shrinking with increasing plasma pressure or increasingradius ratio
I. In particular, in the eld-free limit case = 1, for | exceedingthe critical
valuel. 4:983,or for a vanishing , theseintervals are zero.

1 Intro duction

Taylor's theory of plasmarelaxation [1, 2] descrikesthe ewlution of a magnetic
eld in a conducting uid with small but nite resistivity and viscosity in a
toroidal vesselwith highly conductingwall in a particular simpleway: the system
relaxesto the state of lowest energy compatible with consenration of the total
magnetic helicity and the total toroidal magnetic ux, and with the boundary
condition that the wall be amagneticsurface.In theserelaxedstatesthe magnetic
eld B is a linear force-free eld

curlB= B



with  belowv somecritical value 1, which dependsonly on the vessel. Con-
trary to the ideal situation in plasmaswith nite resistivity individual ux tubes
canno longerbe iderti ed and the in nite number of invariants of ideal magne-
tohydrodynamics lose their signi cance. Total helicity, howewer, is not a ected
by thesetopological considerationsand should remain (at least appraximately)
a consenred quartity. In fact, analytical considerations[3] as well as numerical
studies[4, chap. 7] shaw that total helicity dissipationis small comparedto energy
dissipation.

The determination of relaxedstatesfor arbitrary toroidal vesselss aformidable
task, which in generaldoesnot succeedn an explicit way (cf. [5]). Howewer, in
axially periodic circular cylinders, represeting large aspect ratio tori, relaxed
statesas well as 1 can be calculated explicitly [1, 6]. These calculations are
the basis of the successfulapplication of the theory to various toroidal pinch
experimerts [2], [4, chap. 9].

A plasma lling the vesselup to the wall is, of course,not realistic. There-
fore, in [7] relaxed statesin plasma-\vacuum systemshave beeninvestigated. For
simplicity it hasbeenassumedhat plasmaand vacuum region are separatedby
a sharp, highly conducting interface. The constraint of helicity consenration in
the plasmaregion then makes senseand a correspndingly extendedvariational
principle has beenformulated. According to this extendedtheory relaxed states
are those stateswhich minimize energywithin the constrairts of consenred total
helicity and total toroidal ux in the plasmaregion as well as of total toroidal
and poloidal ux in the vacuumregion. (In a cylinder \toroidal" refersto the
axial direction and \p oloidal" to the azimuthal direction.) In [8] the theory has
beenfurther extendedin order to include plasmapressure.The theory hasbeen
appliedto a planeslabin [7] and those symmetric equilibria have beenidenti ed
which are relaxed states. Here, symmetric meansthat all equilibrium quarti-
ties vary only in the direction perpendicular to the slab. It is the purpose of
the presen paper to apply the extendedvariational principle to axially periodic
circular cylinders and to idertify the cylinder-symmetric relaxed states in this
system. Theseresults allow a comparisonof the extendedtheory with Taylor's
original theory without vacuum region.

Section2 summarizeghe extendedvariational principle and preseits a slightly
modi ed versionwhich is more appropriate for the subsequen application. Sec-
tion 3 presens cylinder-symmetric equilibria with suitable parametrization. In
section4 the modi ed extendedvariational principle is applied to theseequilibria
and a dispersion relation is derived, which descrikes the relaxed states in the
spaceof the equilibrium parameters. The evaluation of this dispersion relation
is more complicated than in Taylor's theory and ultimately hasto be done nu-
merically. The correspnding results are presered in the sections5 and 6 for the
casesof vanishing and nonvanishing plasmapressure respectively. An appendix
cortains the modi cations of the plane slab{resultsin [7] due to a nonvanishing
plasmapressure.



It wasaremarkable prediction in [7]that pressure-lessquilibria with a smaoth
interfaceand ergadic eld lineson that surfaceare relaxedstatesonly if the pitch
angleof the magnetic eld is discortinuousacrossthe interface. This prediction is
con rmed by the presemn analysisof pressure-lesequilibria aswell asof equilibria
with pressure.

Magnetic relaxation has also beenconsideredin the somewhatarti cial situ-
ation of a viscousbut perfectly conducting uid [9, 10]. In that casemagnetic
helicity in any ux tubeis a consened quartity during the relaxation process.As
a consequencéhe topology of knots and links of magneticlinesis alsoconsenred,
andit is arguedin [10]that in relaxedstateswith nontrivial topologythe presence
of tangertial discortinuities is rather the rule than the exception. In our situation
the only consered helicity is total helicity in the plasmaregion. Therefore,only
at the plasma-vacuum interface a tangertial discontinuity may arise. We show
herethat in the classof cylinder-symmetric plasma-\acuum equilibria all relaxed
stateshave in fact tangertial discortinuities at the interface. No other examples
of discorntinuous relaxed statesare known to us.

2 Extended variational principle

We considera highly conducting plasmain a toroidal region P surrounded by
a vacuum region V that extendsto a rigid toroidal wall W. It is assumedthat
plasmaand vacuum are separatedby a sharpinterfacel and that the interface
as well as the wall are perfectly conducting. This implies that the interface is
a magnetic surfaceand that magnetic uxes through any loopsin | or W are
consered. Accordingto [7, 8] relaxedstatesare statesof lowestenergycompatible
with consenration of total magnetichelicity and massin P aswell asof magnetic
uxes through any loopsin | or W.

Denoting with B the magnitude of the magnetic eld vector B, with P the

plasmapressureand with = 5=3 the ratio of speci c heats,the potertial energy
of the plasma-\acuum systemtakesthe form
Z V4
1 1
U= o —P+ d® =B?:
P 1 PIV 2

With  denoting the massdensity and observingthat the quartity S = P= is
constart in an isertropic ideal gas,the constraint of massconsenration takesthe
form Z
M= & P¥: (1)
P
A gauge{invariant form of the helicity of the magnetic eld B which is appropriate
for toroidal domainsreads
Z I I

H= d® A curlA d A d A: (2)
P G G



Here A is a vector potertial for B and G, G are xed loopsthe short and the
longway in I .

The variational principle now takesthe more preciseform: the rst variation
of the functional U with respect to the variablesA and P within the constrains
(), (2) aswell asthe ux conditions mertioned above must vanishin a relaxed
state and the secondvariation hasto be positive. Setting the rst variation of

the energyfunctional
1
W :=U > H M; (3)
to zero,where and are Lagrangianmultipliers, yields the following systemof

equations(cf. [7, 8]):

curlB = B; P = const in P; 4)

curlB=0; divB=0 in 'V, (5)

n B=0; PP+%BZi=O onl; (6)

n B=0 on W: (7

Here is a constart, h::i = :::jy :::jp denotesthe jump of a quartity

:::acrossl and n is the outward pointing unit normal vector. The boundary
conditionsonn B atl and W (zeroon | by assumption,and zeroon W for
simplicity) are due to the ux constrairts with respect to shrinkable loopsin |
and W, respectively. The ux constrairts with respect to non-shrinkable loops
x the toroidal uxes S) and S) in P and V, respectively, and the poloidal ux
(p) in V:
v .
O =const ) =const = const (8)

Giventhe vesselwith boundaryW the system(4){(7) constitutesa free-boundary
problem for the determination of the relaxed state B together with the interface
l.

Denoting equilibrium quartities, i.e. a solution of the system(4){(7), by cap-
ital letters and perturbations by lower caseletters the secondvariation reads
[7, 8]

ZWZ: Wp + 2W, + Wy, 9)
W = d® (jeurlaj? a curla); (10)
P
Z
W, = d® jj?mBn r Bi; (11)
'z
Wy = d&® jeurlaj?: (12)
\%
The pressurevariation hasalready beenminimized to zero, = n  denotesthe

normal displacemen of | and meanscomplexconjugation.
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In [7] the positivity condition on 2W has beenreformulated in terms of an
eigervalue problem. This problem reads

curlcurla= curla in P; (13)
curlcurla= 0 in V; (14)

B curlai+ MBn rBi =0 onl; (15)
n apy t+ Bp;v =0 onl; (16)

n a=20 onW: a7)

Plasmaquartities and vacuum quartities at | are distinguishedby subscriptsP
and V wheneer necessary The equilibrium is a relaxed state if no eigervalue
is betweenzeroand . The eigervalue problem can likewisebe written in terms
of the perturbing magnetic eld b = curla (cf. [7]). Howewer, the eigervalue
parametereners the problemin a highly implicit form which makesits determi-
nation di cult if nontrivial geometries(such as cylindrical geometry considered
below) are involved. Therefore,we presen yet a slightly di erent method for the
ewvaluation of the secondenergyvariation.
We minimize 2?W with respect to a while keeping xed the displacemen

of the interface and accordingto (16) the tangertial componerts of a. No
normalization appearsin this inhomogeneousariational problem and the Euler{
Lagrangeequationsfor a read:

curlcurla= curla in P; (18)
curlcurla= 0 in V; (29)
n a=20 onW: (20)

Inserting (18){(20) into the energyfunctional (9){(12), 2W reducesto an inter-
faceintegral of the form
Z
W= d?> h B b+jj’°B(n r)Bi: (21)
|
Here, is a yet undeterminedtest function, whereasthe perturbing magnetic
eld b = curla is determinedby the following systemof equationscorrespnding
to (18){(20) and (16):

culb= b in P; (22)

culb =0, divb=0 in V; (23)

n bpy =Bpy r + n curl(n Bpy) onl; (24)
n b=0 onW; (25)



aswell asthe ux conditions

Y= dl (n Bp) (26)
G
|

$ = d (n By); (27)
|Cs

P= d (n By); (28)
G

which aredueto (8). In (26){(28), G and G areloopsin | the short and the long
way around the torus, oriented sud that n, a vector along G, and a vector along

G, form a right-handed system, S) is the ux of b through a disk-like surface

enclosedoy G, \(,t) is the ux through an annular surfaceenclosedby G, and a

similar loop in W, and \(,p) is the ux through an annular surfaceenclosedby G
and a similar loop in W.

The equilibrium is now arelaxedstate if the reducedfunctional (21) is positive
for all normal displacemets of the interface and correspnding magnetic elds
b determinedby (22){(28).

The casewithout pressureas discussedn [7] is obtained by simply putting
P = 0in the preceedingormulas. Taylor's theory of plasmarelaxation is obtained
by dropping the vacuum part in the energyfunctional (3) and keeping xed the
interface, which is now the wall. The only consered ux is now S). The
equilibrium equationsreduceto (4) with P = 0 and (7), the secondvariation
reducesto the plasma cortribution (10), and the eigervalue problem reducesto
(13) and (17).

3 Cylinder equilibria

An axially periodic circular cylinder is an appraximation of a geruine torus which
is simple enoughto allow explicit calculations. In comparisonto a torus the
cylinder retains only part of the curvature e ects; in cortrast to a still rougher
approximation, a plane slab (cf. the appendix), the cylinder retains, howewer,
the magneticaxis. Moreover, the cylinder results can be comparedwith Taylor's
original theory of plasmarelaxation without vacuumregion[1, 2].

In the following we consider solutions of the equilibrium equations (4){(7)
with cylindrical symmetry, i.e., using cylindrical coordinates (r; ; z) all scalar
guartities depend only on r. The plasmavacuum interface | and the wall W
are then spherical cylinders with (normalized) radiusr = 1 andr = | > 1,
respectively. In order to simulate the topology of a torus all physical quartities
are assumedto be periodic in the z-direction with period L. The equilibrium
magnetic eld hasno radial componert while the other two componerts are given



by (p._

1 Jl(r ) O r )

= : (29)
(J1( )cos + Jo( )sin )=r 1 r |I;
Pr— :

B, = 1 Jo(r) | O r 1; (30)
Jo( )cos  Ji( )sin 1 r |I:

Here, Jo-1 denote Besselfunctions of the rst kind of order 0=1, measureshe
jump of the pitch angleof the magnetic eld acrossthe interfaceand is related
to the pressureconstart P by

2P 2P

= B, 32() I D

Obsene that the magnitude of the vacuummagnetic eld at the interfaceB ?j, -1+
doesnewer vanish. The parameter may vary in the interval [0; 1], where the
boundariesdescrike a force-freeeld ( = 0) anda eld-free plasma( = 1). For
later usewe note the relation

B @Bi - (J2( ) J2( )si®  2Jy( )Jo( )sin cos J2() (32)

(Jo( )sin +Ji( )cos )2+ (1 )JI3():

Up to an overall normalization, (29){(31) is the only cylinder symmetric solution
of the equilibrium equations(4){(7).
Computing the consered quartities we obtain for the helicity

H=2L@ ) Q)+ ) 23 )()

for the total mass

1 1=
M= L5 B0+ (33)
and for the consered uxes
O = 2PTu()=; V=2 (3o Yeos  Ii( )sin )12 1)=2

5” L(J2( )cos + Jo( )sin )Inl;

where S) and 8) denotethe toroidal ux (z-direction) in the plasmaand the
vacuum region, respectively, and i,p) the poloidal ux in the vacuum region.
Introducing the nondimensionalconsened quartities (L and | have already been

made dimensionlesswith the plasmaradius)

2H _ Jo() 2 ,Jo()

|:r::L—(F,t)_ Ji() Ji()

+ (34)



)
v 1

= g = P gnOces HOsHET D2 @3
~(P>;=2 s/p):r\l_ (J1( )cos + Jo( )sin )Inl; (36)

L g) Pl \]1( ) 1 0 ’
the four nondimensionalequilibrium parameters , ,| and canequialertly be

expressedoy |, ~®, ~®) and M = M= L. In fact, forj j< + 3:112,which
is necessaryor stability (seebelow), the right-hand side of (34) is monotonousin

. Thus, (34) can be uniquely solved for . Using (33), canthen be expressed
by M and H, and and| are determinedfrom (35) and (36).

4 Relaxed states in the cylinder

Whether the equilibrium solution discussedn the preceedingsectionis a relaxed
state or not dependson the secondvariation ?W of the functional (3). In the
following we useits reducedform (21). Sincethe whole problem is homogeneous
in the variables and z, it su ces to considertest functions of the form

(;2)= XM+ m2 7z kZZTZ; X 2C: (37)

Note that needsonly to be de ned on the interfacer = 1. The magnetic eld
b is then determinedby (22){(28) and allows the ansatz

b(x) = b(r)dm +k; (38)

Inserting (38) into (22) yieldsfor xed m and k the following systemof ordinary
di erential equationsin P, i.e.forr 1:

i?bz ik = b (39)
ikt Sp= b 40
| a = ) ( )
1d .m._ .
SorbiTh= b 41)

Inserting (38) into (23) amourts to (39){(41) with a vanishing right-hand side
and the independen equation
1d . m .
Car r Irb ikb, = 0; (42)
valid in the vacuumregionV, i.e.forl r |I.
By substitution oneobtains from (39){(41) a singleordinary di erential equa-
tion for B,

hg 1
+_
dr r

[
m 2
2+_

d — .
ar - B =0 (43)



whereK 2 := k? 2. Oncel, is determined,t} and b are given by the algebraic

equations
i m d
B gz phrTKGh D kb gho (49)

Two linearly independernt solutionsof (43) arethe modi ed Bessefunctions| ,(x)
and K, (x) with x:=Kr. Note that I ,(x) is regular at x=0 but K, (x) is not
[11].

In the plasmaregion P eqs.(43), (44) are equivalert to (39){(41) aslong as
K 6 0; thusfor K 6 0O the eigenfunctions,regularat r = 0, in P take the form

d 1 m

o= iNp K—Tlm(x)+%lr?](x) : (45)
B = Np l;—r)':lm(x)+ K'f?"(x) : (46)
B = Npln(X): (47)

The prime meansdi erentiation with respect to the argumen and Np is a nor-
malization constart yet to be determined. For K = 0 the casean 6§ Oandm = 0
have to be distinguished. For m 6 0, one obtains after somealgebra

2

- H jmj+1 i pimjp 1.
0¥ iNp k jmj+1r +jmjr . (48)
2
- jmj+1 i pimjp 1.
B = Np M1 7" jmjr ; (49)
B = 2Np 2riM; (50)
and in the casem = 0
o= iNpkr; B =Np r; & =2Np: (51)

It is not hard to verify that for k 6 0 eqs.(43), (44) with = 0 descrike solutions
in the vacuumregionV aswell. For1 r | we obtain

B = iINy 12(X)+ cnK2(x) ; (52)
B = NV% ln(X) + CnKm(X) (53)
b;/ = Ny Im(X) + cnKn(X) ; (54)

with x=kr and Ny anormalization constart. The coe cient ¢, := 12 (kl)=K?2 (k)
has beendeterminedfrom the boundary condition (25). The special casek = 0
is directly determinedfrom (39){(41) and (25). For m 6 O this yields

B = iNr—V (r=h™ (r=) ™ ; (55)
b = Nr—v (r=n"™+(r=l) ™ ; (56)
B/ = 0; (57)



andform=0

B = 0; B/ = N, =r; B = NZ: (58)
Equation (24) can be usedto relate the normalization constanis Np-, to the
amplitude X of the displacemen of the interface, cf.(37). Observingthat the

secondterm on the right-hand side of (24) always vanishes,and using (29), (30)
and (45), (52), we calculate

P
_ I K2uR()

Ne = i (K) + KKT0(K) 59)

Ny = X ug'( )cos + v¢'( ) sin (60)

10(K) + cnK O (k)
where
UM )= Ko )+mIi( ) V()= mIo( ) ki) (61)

Similar relations are obtainedin the specialcaseK = 0andk = 0, m 6 0. Note,
howewer, that (24) doesnot provide any information in the casek = 0, m = 0.
In that casethe normalization constarts are determined by the ux conditions
(26){(28),

P— Jo( ).

Ne= X 1 50) (62)
Ny, = Iif_l Ji( )cos + Jo( )sin (63)
NG = % Jo( )cos  Ji( )sin (64)

In all other casesheseconditions cortain no additional information.
If (46), (47), (53), (54) togetherwith (59), (60) and the equilibrium quartities
(29), (30) and (32) areinsertedin (21), ?W takesthe form

W= AWE( L)
N 0 (65)
=2 LiXj? RO D)+ @ DGR )+ IZN+HEG )
with
o (ul( )cos + v( )sin )?

S W (% FW eI (60)
p = HOWERO) w0, 7
H:= (Jo( )sin + Jy( )cos)?; (68)

and 10 (x)
fm(X) == X I:(x) ; (69)

10



BOKE , , 18DKm() L

1RO KR () (O KS(Y) (70)

On(X;y) =
aswell as
w'( )= Jo( ) fm(K)Ja( ): (71)

The quartities uy'( ) and v'( ) are de ned in (61) and K is the squareroot

with positive real part of K2 = k® 2. The specialcasesKk = 0Oand k = 0
(each with the further distinction m = 0 and m 6 0) neednot be considered
separately As it turns out all these casesare already cortained in (65) if one
takesthe appropriate limits K ! Oandk ! 0. Thus, the equilibrium solution
(29), (30) is a relaxed state if and only if for all m 2 Z and all k 2 2-Z we have
W > 0.

Due to the complexity of 2W the ewaluation of this criterion hasto be done
numerically. Howewer, a number of simpli cations and generalstatemens can
be made beforehand. Let us begin with noting someproperties of the functions
fm and gy following from those of the modi ed Besselfunctions I, and K,
[11]: f,, is an even, monotonically increasingfunction on the positive real axis
with f,(0) = mandf,(x) xforx! 1. Especially for m = 0, we have
fo(x) x?=2forx! 0. For xed | > 1, gn(X; X) is a positive and even function
of x with the limits g, ! 1forx! 1 andg,! (I 21)=(I°"+ 1)ifm6 0
andgo! 12 1forx! 0. Thesepropertiesimply, in particular, that F" is a
nonnegative and hencestabilizing term. H is obviously nonpositive and G' can
take either sign.

A rst simplication is that 2W," neednot be consideredfor all m 2 Z;
m = Oand m = 1 are sucient. This follows from a di erent represetation
of 2W which allows the conclusionthat the minimum of 2W with respect to
m 2 Znf0g is obtained for m = 1. This result is corntained in Appendix B of
[12] and neednot be repeatedhere. In fact, in [12] a slightly di erent functional
is consideredithe modi cations, howewer, do not a ect the conclusion.

A secondsimpli cation arisesif k is allowedto vary cortinuously over the real
line. Sud a criterion correspndsto a cylinder of in nite length which is the the
large aspect ratio limit of an axisymmetric torus. For cylinders of nite length
the condition W™ > O for m = 0;1 and all k 2 IR still represets a su cient
condition for stability.

Next we considerthe symmetriesof ?W with respectto , andk: 2W is
invariant under the substitution

(R (72)
aswell asunder the simultaneoussubstitutions
! ; ! ; k! k: (73)

It is thus su cient to investigate W in the range 0,0 k2R, A
further restriction on is well known from Taylor's theory: considerthe zerosof
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the denominator of G{. An obvious Z8ro is obtained for k = . Another one
may appear for jkj < . With x := 2 k2 the condition for a zeroin this
k-rangetakesthe real form

kxJo(x) + (k) Ji(x) = O; (74)

which is precisely Taylor's dispersion relation (cf. [2]). There are no zerosfor

< 1 3112 and there is always at least one zerok for any . The
obvious zero happensto be a zero of the numerator of G¢, too, and G; remains,
in fact, bounded. For  andk . =: kr  1:234, howeer, the numerator takes
the negative value (ui, ( 1))%(k¥  #)=kr, whereasthe denominatorapproadies
zerofrom the positive side. Sincein this limit all other termsin ?W take nite
valueswe havefor 6 1

H 2 1 PR I H 1 — .
kl!mka We( r; sl )= kI!|TT Gi(1)=1 ; (75)

which implies instability. It is easyto seethat, in fact, instability prevails for all
1. The eld-free case = 1 is consideredbelow. It turns out to be at best
marginally stable.
It wasamajor nding in [7]that pressurelessquilibria with a smaoth interface
and ergadic eld lines on that surfaceare relaxed statesonly if the pitch angle
of the magnetic eld jumps acrossthe interface. This property holds for the
presen equilibrium with pressureaswell. For = 0we nd

1 - ing (ux( ))? k (ui( ))?
WG Ol 2 X rgggat T ¢ kR

1
@ O

(76)

For 6 1, 6 o 2:405, the lowest zero of Jy, and k closeto ko :=

Ji( )=Jo( ), 2W_ is dominated by the third term on the right-hand side of
(76), which takesboth signscloseto ko. Thus, with the above restrictions = 0
implies instability. For = 0and = ( marginal stability can be obtained at
best.

In order to obtain a more complete description of the stability regionin the
spaceof the parameters , , | and we have evaluated ?W numerically. More
precisely 2W,"(; ;I; ) is minimized with respectto k 2 IR for xed valuesof

, ,land ,andfor m= 0and 1. The result is denotedby 2W™M . Note that
2W simpli es considerablyfor m = 0, i.e.,

. . . — k2 H
W(; sl )= W(Jo( ycos  Ji( )sin )?
2
+(1 )Jﬁ)%%7+%(wa)+aﬁ) (7"

(Jo( )sin + Ji( )cos)?:

12



The minimization procedureevaluates ZWQ“ in the K-range K k K,
starting with K and using the constart k-step 4 k. The procedurestopsif a
negative valueis found, otherwisethe equilibrium is classi ed stable (with respect
to m). Typically weusedK = 5,4 k = 0:005form = OandK = 20,4 k = 0:002
for m = 1. The minimizing k-value kn, always turned out to be of order one
(with oneexception,seebelow). Largerk-rangesor smallerk-stepsdid not change
the signof 2wm .

We presen our resultsby indicating stableregionsor linesof marginal stability
in the { {plane for xed valuesof | and , and separatelyfor m = 0 and 1.
We rst discusspressurelesgquilibria (= 0), which turn out to be the most
unstable.

5 Pressureless relaxed states

Figure 1a) preselts the stable region (unhatched) in the { {plane with nondi-
mensionalwall radius | = 1:5. The unstable region due to m = 1{modes(i.e.

Figure 1. a) Stable region (unhatched) in the { {plane with | = 1.5 and = O.

Regionshatched from top left to bottom right are (m = 1){unstable, regions hatched

the other way round are (m= 0){unstable. The gure hasbeenproducedby evaluating
2W for 200 200points in the { {plane. In the minimization procedurewith respect

to k weusedK = 5,4k = 0:005form= 0and K = 20,4 k = 0:.002for m = 1. b)

Zerolevel linesof 2W.2, (corresponding to lines of marginal stability for < o) with
= 0and | = 1.5;2; 3; 4, increasinginwards.

W21, < 0) is hatched from top left to bottom right, that due to axisymmetric
modes (m = 0) is hatched from bottom left to top right. Obviously, the stabil-
ity regionis predominartly boundedby m = 1; only closeto the point ( = O,

= ), m = 0 adds a further restriction. In fact, 2W? is always stable for
= 0andO0 < o with 2fo(x) x2andJo( ) > 0for O < o the
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secondand third term in (77) allow the estimate

I3 )ik + Jo( )da( )+ IZ( ) (Jo( )sin + Ji( )cos )2
JZ( )+ )@ sin? ) Jo( )Iu( )2sin cos  )+IE( )L cos )
J§( )+ (Jo( )cos Iy )sin )*> 0;

and hence W2 > 0.

The point ( = 0, = () hasanother special feature. Numerically we nd
minimizing valuesky, for k of order 1 exceptat ( = 0, = o), wherekKkpmi
becomedarge. This correspndsto the fact that 2W,™  jkj for large jkj except
at( =0, = g), ascanbeseenfrom (65){(67).

Figure 1b) preseits a seriesof zero level lines of 2W21._ with increasingl.
Below  theselines are lines of marginal stability as follows from the above
remark. With increasingl the stable region shrinks to a \most stable point” in
the { {plane. From the symmetries(72), (73) follows that the stable regionin
the { {plane is symmetric with respectto ( = =2, = 0). The \most stable
point" isthus( = =2, = 0). It isreadhedfor| = |, 4:983. Cylinder-
symmetric relaxed stateswith nondimensionalwall radius greaterthan I, do not
exist.

Figure 2 illustrates the caseof decreasingl. The most remarkable nding,

N

N\
A\

0 1 2 3

a)

3

Figure 2. Sameas g.1a) with a) | = 1:1 and b) | = 1.01.

which has no courterpart in plane geometry (cf. [7]), is an additional wedge-
shaped stability regionin the upper-right corner of the stability diagram. With

decreasingl a (m = 1){stable wedge\opens”at | 1:2. This wedgeis, how-
ewer, still (m= 0){unstable. With further decreaseof | the (m= 1){stable wedge
increases,whereasthe (m = 0){unstable region decreases.At |  1:.03 a com-

pletely stable wedgeappears. In the limit of vanishingvacuumregion(l'! 1) the
(m = 0){unstable region disappearsand the stable wedgetakesa limit position
marked by the points ( 194 = 1), ( 252 = q1)and( = ; = o).
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6 Relaxed states with pressure

The generalcase 6 0hasnot beenasthoroughly investigatedasthe pressureless
case. The overall impressionis that the stability region always shrinks with
increasing . This hasbeencon rmed for a number of equilibria. Howewer, it is
not obvious from the analytic form of 2W and there is no simple relationship
between and the other parameters, as we have in plane geometry (seethe

appendix). Only the eld-free limit case = 1 is easyto treat. Minimization
with respectto m and k yields
"Wo(; i1)= (Jo( )sin + Ji( )cos)? (78)

Thus, there is instability for tan 6 J;( )=Jo( ) and marginal stability other-
wise.

Thereis aremarkable di erence betweenequilibria with and without pressure
concerningthe connectivity of the main stable region. For 6 0 the (m = 0}
unstable regionis no longer restricted to the range | T (seeg. 3). In

b)

d)

Figure 3. Sameas g.1a) with | = 1:1anda) = 0:1,b) = 04,c) = 05,d)
= 0:8.

fact, with increasing the (m= 0){unstable region extendsto lower valuesof ,
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nally reading the point ( = =2, = 0)for = 1=2. The (m= 1){unstable
regionshrinks with increasing qualitatively in the sameway aswith increasing
| to the \( m= 1){most stablepoint” ( = =2, = 0). This canleadto a doubly
connectedstable region for 1=2 as demonstratedin g.3c). With further
increaseof the equilibrium becomesunstable even beforethe (m= 1){unstable
regionhasshrunkto ( = =2, = 0).

Let us, nally , considerthe critical nondimensionawall radius|. beyond which
no cylinder-symmetric relaxed state exists. It dependsnow on . For 1=2
the \( m = 1){most stable point" ( = =2, = 0) determinesl, (asin the case

= 0). Evaluating 2W at that point yields

2

2WO0 (O -1+ ) = i — .
Wi (O; 2,I, Y= ) min Fo 1=1 2 ; (79)
Wi (0;=;1; )= min 1t (1 )k—2 1: (80)
mnt 2 T T f(k) au(k; 1K) f1(k) '
Equation (79) demonstratesthat ( = =2, = 0)isfor < 1=2always(m= 0){

stable, independerly of I. Setting (80) to zerothus yields the critical curve l;( )
(see g.4). For 1=2 the graph in g. 4 still givesan upper bound on I.( ).

le( )

Figure 4: Critical nondimensionalwall radius | (solid line) versusplasma pressure
for 0< 1=2, and an upper bound on I (dashedline) for 1=2< < 1.

As expectedl,( ) is a monotonically decreasingunction of , with I( )! 1as
I 1, and with a global maximum given by 1,(0) = I,  4:983(cf. section5).

7 Conclusions

In this study the variational principle for relaxed plasmavacuum systemswith
pressurehas been applied to axially periodic circular cylinders. The emphasis
of the work is lesson providing realistic stability boundariesfor toroidal pinch
experimerts than on a thorough exploration of the consequencesf the varia-
tional principle in a nontrivial system. Systemswith cylindrical symmetry are
simple enoughto allow explicit calculations. Moreover, the cylinder results can
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be comparedwith Taylor's original theory of plasmarelaxation without vacuum
region. Still simpler systems,e. g. a plane slab as consideredin [7], have serious
drawbadks. The magneticaxisis missing,and arti cial boundary conditions have
to be used. Moreover, the dependenceof stability boundarieson the equilibrium
parametersdegeneratesn an unrealistic way.

The over-all impressionof our analysisis that relaxed states form a com-
plicated setin the spaceof all force-freeplasma-\acuum states with cylindrical
symmetry. Newertheless,a number of generalfeaturescan be obsened. Most im-
portant, there is no relaxedstate without tangertial discortinuity at the plasma-
vacuum interface. This result is in accordancewith generalideas about the
relaxation process.However, asfar aswe know, it hasnot yet beendemonstrated
in any systemin a rigorous way.

If comparedto the casewithout vacuum region the critical pinch parameter
of a plasma-vacuum relaxed state lies in an interval which is allways smaller
than that known from Taylor's theory. This interval is shrinking with increasing
vacuumregionor increasingplasmapressure.In particular, thereis a critical ratio
of wall radius over interface radius (depending on the plasma pressure)beyond
which no relaxed states exist.

A App endix

In the simplestpossiblegeometry the vesseis a topologically toroidal planeslab.
This situation, whereall curvature e ects are eliminated, has beendiscussedn
[7] for the caseof vanishing pressure.We report herethe modi cations dueto a
nonzeroconstart plasmapressure.

We useCartesiancoordinates (x; y; z), wherex denotesthe radial coordinate,
y the poloidal one and z the toroidal one. Physical quartities are assumedo be
periodic in y and z with periodsL, andL,. The vessels the domain0 x Ly
with aninner wall at the planex = 0 (simulating the magneticaxis) and the outer
wall at x = L,. We assumeat X :RO the sameboundary condition By, = 0 as
at x = L. Additionally we require OLV Bydy = O at x = 0in order to eliminate
the additional Neumann eld presen in a toroidal layer in comparisonto a solid
torus.

The equilibrium to be considereddependsonly on the radial coordinate x.
The magnetic eld hasnoradial componert (By  0), andits poloidal componert
vanishesat the \magnetic axis" (By = Oat x = 0). If the plasmavacuuminterface
is the planex = L, then

By = Bp sin Xx; B, = Bp cosX; (81)
forO x L (force-free eld), and
By = Bysin(L + ); B,=BycogL + ); (82)
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for L X Ly (vacuum eld). Here, Bp and By are nonnegatie constarts
related by B2 B3 = 2P with P denoting the constart plasmapressure,and
is an arbitrary anglewhich speci es the jump of the pitch angle of the magnetic
eld acrossthe interface. If the vessel(i.e. the three lengthsL,, Ly and L;) is
given, then there are four nondimensionalequilibrium parameters. Thesecan be
chosenas the pinch ratio L , the -factor = 2P=BZ, the jump of the pitch
angle andtheratio | = (Ly L)=L of vacuum over plasmalayer thickness.

The ewaluation of the stability criterion 2W > 0 for the equilibrium (81),
(82) is completely analogousto the casewithout pressure(cf. [7]) and neednot
berepeatedhere. In the limit of a thin slabthe dispersionrelation characterizing
the stability regionin the parameter spacetakesthe sameform asin the case
without pressurewith the only di erence that the lengthsratio | is replacedwith
F=11 ), ie.the equilibrium (81), (82) is stableif and only if the pinch ratio
L isin the interval

(;DL< L < 4(;DL;

where . ( ;T)L is the smallestpositive root of the equation
'L sinL 4sin sin(L + )=10

and ( ;DL := +( ;DL. Thus, the mostremarkable nding in [7],i.e., that
stability implies a nonzerojump of the pitch angle, is presened if pressureis
added. Nonzeropressurecorrespndssimply to an enlargedlengthsratio |, which
implies a shrinking stability regionin the { {plane (cf. Fig.1in [7]). The limit
caseof a eld-free plasmaregion( = 1) corresppndsto an unboundedvacuum
region(l = 1 ), a situation which is known to be unstable.
Acknowledgments. The rst author (R. K.) would like to thank G. Spiesand D.
Lortz for numerousfruitful discussions.
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