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Abstract

The variational principle for relaxed toroidal plasma-vacuum systems
with pressureis applied to axially periodic circular cylinders. More pre-
cisely, equilibria with cylindrical symmetry are investigated for their po-
tential to be a relaxed state. Such equilibria are characterized by their
pinch ratio � , the jump � of the pitch angleof the magnetic �eld acrossthe
plasma{vacuum interface, a constant plasma pressure� , and the ratio l of
wall radius over interface radius. In the limit of an in�nitely long cylinder
the necessaryand su�cien t condition for the equilibrium to be a relaxed
state de�nes one or two intervals of allowed values of the pinch ratio � ,
which depend still on the other parameters. Theseintervals are contained
in the interval known from Taylor's theory, but are generallysmaller. They
are shrinking with increasingplasma pressure� or increasingradius ratio
l . In particular, in the �eld-free limit case� = 1, for l exceedingthe critical
value lc � 4:983, or for a vanishing � , theseintervals are zero.

1 In tro duction

Taylor's theory of plasmarelaxation [1, 2] describes the evolution of a magnetic
�eld in a conducting 
uid with small but �nite resistivity and viscosity in a
toroidal vesselwith highly conductingwall in a particular simpleway: the system
relaxesto the state of lowest energy compatible with conservation of the total
magnetic helicity and the total toroidal magnetic 
ux, and with the boundary
condition that the wall bea magneticsurface.In theserelaxedstatesthe magnetic
�eld B is a linear force-free�eld

curl B = � B
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with � below somecritical value � T , which depends only on the vessel. Con-
trary to the ideal situation in plasmaswith �nite resistivity individual 
ux tubes
can no longer be identi�ed and the in�nite number of invariants of ideal magne-
tohydrodynamics lose their signi�cance. Total helicity, however, is not a�ected
by thesetopological considerationsand should remain (at least approximately)
a conserved quantit y. In fact, analytical considerations[3] as well as numerical
studies[4, chap. 7] show that total helicity dissipationis small comparedto energy
dissipation.

The determination of relaxedstatesfor arbitrary toroidal vesselsis a formidable
task, which in generaldoesnot succeedin an explicit way (cf. [5]). However, in
axially periodic circular cylinders, representing large aspect ratio tori, relaxed
states as well as � T can be calculated explicitly [1, 6]. These calculations are
the basis of the successfulapplication of the theory to various toroidal pinch
experiments [2], [4, chap. 9].

A plasma �lling the vesselup to the wall is, of course,not realistic. There-
fore, in [7] relaxedstates in plasma-vacuum systemshave beeninvestigated. For
simplicity it hasbeenassumedthat plasmaand vacuum region are separatedby
a sharp, highly conducting interface. The constraint of helicity conservation in
the plasmaregion then makessenseand a correspondingly extendedvariational
principle has beenformulated. According to this extendedtheory relaxedstates
are thosestateswhich minimize energywithin the constraints of conserved total
helicity and total toroidal 
ux in the plasma region as well as of total toroidal
and poloidal 
ux in the vacuum region. (In a cylinder \toroidal" refers to the
axial direction and \p oloidal" to the azimuthal direction.) In [8] the theory has
beenfurther extendedin order to include plasmapressure.The theory hasbeen
applied to a plane slab in [7] and thosesymmetric equilibria have beenidenti�ed
which are relaxed states. Here, symmetric meansthat all equilibrium quanti-
ties vary only in the direction perpendicular to the slab. It is the purposeof
the present paper to apply the extendedvariational principle to axially periodic
circular cylinders and to identify the cylinder-symmetric relaxed states in this
system. Theseresults allow a comparisonof the extendedtheory with Taylor's
original theory without vacuum region.

Section2 summarizesthe extendedvariational principle andpresents a slightly
modi�ed versionwhich is more appropriate for the subsequent application. Sec-
tion 3 presents cylinder-symmetric equilibria with suitable parametrization. In
section4 the modi�ed extendedvariational principle is applied to theseequilibria
and a dispersion relation is derived, which describes the relaxed states in the
spaceof the equilibrium parameters. The evaluation of this dispersion relation
is more complicated than in Taylor's theory and ultimately has to be done nu-
merically. The corresponding resultsare presented in the sections5 and 6 for the
casesof vanishing and nonvanishing plasmapressure,respectively. An appendix
contains the modi�cations of the plane slab{results in [7] due to a nonvanishing
plasmapressure.
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It wasa remarkableprediction in [7] that pressure-lessequilibria with a smooth
interfaceand ergodic �eld lineson that surfaceare relaxedstatesonly if the pitch
angleof the magnetic�eld is discontinuousacrossthe interface. This prediction is
con�rmed by the present analysisof pressure-lessequilibria aswell asof equilibria
with pressure.

Magnetic relaxation hasalsobeenconsideredin the somewhatarti�cial situ-
ation of a viscousbut perfectly conducting 
uid [9, 10]. In that casemagnetic
helicity in any 
ux tube is a conserved quantit y during the relaxation process.As
a consequencethe topology of knots and links of magneticlines is alsoconserved,
and it is arguedin [10]that in relaxedstateswith nontrivial topologythe presence
of tangential discontinuities is rather the rule than the exception. In our situation
the only conserved helicity is total helicity in the plasmaregion. Therefore,only
at the plasma-vacuum interface a tangential discontinuity may arise. We show
herethat in the classof cylinder-symmetricplasma-vacuumequilibria all relaxed
stateshave in fact tangential discontinuities at the interface. No other examples
of discontinuous relaxedstatesare known to us.

2 Extended variational principle

We considera highly conducting plasma in a toroidal region P surroundedby
a vacuum region V that extendsto a rigid toroidal wall W. It is assumedthat
plasmaand vacuum are separatedby a sharp interface I and that the interface
as well as the wall are perfectly conducting. This implies that the interface is
a magnetic surfaceand that magnetic 
uxes through any loops in I or W are
conserved. Accordingto [7, 8] relaxedstatesarestatesof lowestenergycompatible
with conservation of total magnetichelicity and massin P aswell asof magnetic

uxes through any loops in I or W.

Denoting with B the magnitude of the magnetic �eld vector B , with P the
plasmapressureand with 
 = 5=3 the ratio of speci�c heats,the potential energy
of the plasma-vacuum systemtakesthe form

U =
Z

P
d3�

1

 � 1

P +
Z

P [V
d3�

1
2

B 2 :

With � denoting the massdensity and observingthat the quantit y S = P=� 
 is
constant in an isentropic ideal gas,the constraint of massconservation takesthe
form

M =
Z

P
d3� P1=
 : (1)

A gauge{invariant form of the helicity of the magnetic�eld B which is appropriate
for toroidal domainsreads

H =
Z

P
d3� A � curl A �

I

Cs

dl � A
I

Cl

dl � A : (2)
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Here A is a vector potential for B and Cs, Cl are �xed loops the short and the
long way in I .

The variational principle now takesthe more preciseform: the �rst variation
of the functional U with respect to the variablesA and P within the constraints
(1), (2) as well as the 
ux conditions mentioned above must vanish in a relaxed
state and the secondvariation has to be positive. Setting the �rst variation of
the energyfunctional

W := U �
1
2

� H � � M ; (3)

to zero,where� and � are Lagrangianmultipliers, yields the following systemof
equations(cf. [7, 8]):

curl B = � B ; P = const in P; (4)

curl B = 0; div B = 0 in V; (5)

n � B = 0; hP +
1
2

B 2i = 0 on I ; (6)

n � B = 0 on W: (7)

Here � is a constant, h: : :i := : : : jV � : : : jP denotes the jump of a quantit y
: : : acrossI and n is the outward pointing unit normal vector. The boundary
conditions on n � B at I and W (zero on I by assumption,and zero on W for
simplicity) are due to the 
ux constraints with respect to shrinkable loops in I
and W, respectively. The 
ux constraints with respect to non-shrinkable loops
�x the toroidal 
uxes 	 (t )

P and 	 (t )
V in P and V, respectively, and the poloidal 
ux

	 (p)
V in V:

	 (t )
P = const; 	 (t )

V = const; 	 (p)
V = const: (8)

Giventhe vesselwith boundaryW the system(4){(7) constitutesa free-boundary
problem for the determination of the relaxedstate B together with the interface
I .

Denoting equilibrium quantities, i.e. a solution of the system(4){(7), by cap-
ital letters and perturbations by lower caseletters the secondvariation reads
[7, 8]

� 2W = � 2WP + � 2WI + � 2WV ; (9)

� 2WP =
Z

P
d3� (jcurl aj2 � � a� � curl a); (10)

� 2WI =
Z

I
d2� j� j2 hB n � r B i ; (11)

� 2WV =
Z

V
d3� jcurl aj2: (12)

The pressurevariation hasalready beenminimized to zero, � = n � � denotesthe
normal displacement of I and � meanscomplexconjugation.
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In [7] the positivit y condition on � 2W has beenreformulated in terms of an
eigenvalue problem. This problem reads

curl curl a = � curl a in P; (13)

curl curl a = 0 in V; (14)

� hB � curl ai + � hB n � r B i � = 0 on I ; (15)

n � aP;V + � B P;V = 0 on I ; (16)

n � a = 0 on W: (17)

Plasmaquantities and vacuum quantities at I are distinguishedby subscriptsP
and V whenever necessary. The equilibrium is a relaxedstate if no eigenvalue �
is betweenzeroand � . The eigenvalue problem can likewisebe written in terms
of the perturbing magnetic �eld b = curl a (cf. [7]). However, the eigenvalue
parameterenters the problem in a highly implicit form which makesits determi-
nation di�cult if nontrivial geometries(such as cylindrical geometryconsidered
below) are involved. Therefore,we present yet a slightly di�erent method for the
evaluation of the secondenergyvariation.

We minimize � 2W with respect to a while keeping �xed the displacement
� of the interface and according to (16) the tangential components of a. No
normalization appearsin this inhomogeneousvariational problem and the Euler{
Lagrangeequationsfor a read:

curl curl a = � curl a in P; (18)

curl curl a = 0 in V; (19)

n � a = 0 on W: (20)

Inserting (18){(20) into the energyfunctional (9){(12), � 2W reducesto an inter-
faceintegral of the form

� 2W =
Z

I
d2� h� � B � b + j� j2B(n � r )B i : (21)

Here, � is a yet undetermined test function, whereasthe perturbing magnetic
�eld b = curl a is determinedby the following systemof equationscorresponding
to (18){(20) and (16):

curl b = � b in P; (22)

curl b = 0; div b = 0 in V; (23)

n � bP;V = B P;V � r � + � n � curl(n � B P;V ) on I ; (24)

n � b = 0 on W; (25)
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as well as the 
ux conditions

 (t )
P =

I

Cs

dl � (� n � B P ); (26)

 (t )
V = �

I

Cs

dl � (� n � B V ); (27)

 (p)
V =

I

Cl

dl � (� n � B V ); (28)

which aredue to (8). In (26){(28), Cs and Cl are loopsin I the short and the long
way around the torus, oriented such that n, a vector alongCs, and a vector along
Cl , form a right-handed system,  (t )

P is the 
ux of b through a disk-like surface
enclosedby Cs,  (t )

V is the 
ux through an annular surfaceenclosedby Cs and a
similar loop in W, and  (p)

V is the 
ux through an annular surfaceenclosedby Cl

and a similar loop in W.
The equilibrium is now a relaxedstate if the reducedfunctional (21) is positive

for all normal displacements � of the interfaceand corresponding magnetic �elds
b determinedby (22){(28).

The casewithout pressureas discussedin [7] is obtained by simply putting
P = 0 in the preceedingformulas. Taylor's theory of plasmarelaxation is obtained
by dropping the vacuum part in the energyfunctional (3) and keeping�xed the
interface, which is now the wall. The only conserved 
ux is now 	 (t )

P . The
equilibrium equations reduce to (4) with P = 0 and (7), the secondvariation
reducesto the plasmacontribution (10), and the eigenvalue problem reducesto
(13) and (17).

3 Cylinder equilibria

An axially periodic circular cylinder is an approximation of a genuine torus which
is simple enough to allow explicit calculations. In comparison to a torus the
cylinder retains only part of the curvature e�ects; in contrast to a still rougher
approximation, a plane slab (cf. the appendix), the cylinder retains, however,
the magneticaxis. Moreover, the cylinder results can be comparedwith Taylor's
original theory of plasmarelaxation without vacuum region [1, 2].

In the following we consider solutions of the equilibrium equations (4){(7)
with cylindrical symmetry, i.e., using cylindrical coordinates (r; � ; z) all scalar
quantities depend only on r . The plasma vacuum interface I and the wall W
are then spherical cylinders with (normalized) radius r = 1 and r = l > 1,
respectively. In order to simulate the topology of a torus all physical quantities
are assumedto be periodic in the z-direction with period L. The equilibrium
magnetic�eld hasno radial component while the other two components aregiven
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by

B � =

( p
1 � � J1(�r ) 0 � r � 1 ;

(J1(� ) cos� + J0(� ) sin� )=r 1 � r � l ;
(29)

Bz =

( p
1 � � J0(�r ) 0 � r � 1 ;

J0(� ) cos� � J1(� ) sin� 1 � r � l :
(30)

Here, J0=1 denoteBesselfunctions of the �rst kind of order 0=1, � measuresthe
jump of the pitch angleof the magnetic �eld acrossthe interfaceand � is related
to the pressureconstant P by

� =
2P

B 2jr =1+
=

2P
J 2

0 (� ) + J 2
1 (� )

: (31)

Observe that the magnitudeof the vacuummagnetic�eld at the interfaceB 2jr =1+

does never vanish. The parameter � may vary in the interval [0; 1], where the
boundariesdescribe a force-free�eld (� = 0) and a �eld-free plasma(� = 1). For
later usewe note the relation

hB @r Bi
�
�
�
r =1

= (J 2
1 (� ) � J 2

0 (� )) sin2 � � 2J1(� )J0(� ) sin� cos� � � J 2
1 (� )

= � (J0(� ) sin� + J1(� ) cos� )2 + (1 � � )J 2
1 (� ):

(32)

Up to an overall normalization, (29){(31) is the only cylinder symmetric solution
of the equilibrium equations(4){(7).

Computing the conserved quantities we obtain for the helicity

H = 2� L (1 � � )
�

1
�

(J 2
0 (� ) + J 2

1 (� )) �
2
� 2

J0(� )J1(� )
�

;

for the total mass

M = � L
� 1

2
� (J 2

0 (� ) + J 2
1 (� )

� 1=

; (33)

and for the conserved 
uxes

	 (t )
P = 2�

p
1 � � J1(� )=�; 	 (t )

V =2� (J0(� ) cos� � J1(� ) sin� )( l2 � 1)=2;
	 (p)

V = L(J1(� ) cos� + J0(� ) sin� ) ln l;

where 	 (t )
P and 	 (t )

V denote the toroidal 
ux (z-direction) in the plasmaand the
vacuum region, respectively, and 	 (p)

V the poloidal 
ux in the vacuum region.
Introducing the nondimensionalconserved quantities (L and l have already been
madedimensionlesswith the plasmaradius)

~H :=
2� H

L	 (t )
P

= �
� J0(� )

J1(� )

� 2
� 2

J0(� )
J1(� )

+ �; (34)
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~	 (t ) :=
	 (t )

V

	 (t )
P

=
1

p
1 � �

�
J1(� )

(J0(� ) cos� � J1(� ) sin� )( l2 � 1)=2; (35)

~	 (p) :=
2� 	 (p)

V

L 	 (t )
P

=
1

p
1 � �

�
J1(� )

(J1(� ) cos� + J0(� ) sin� ) ln l; (36)

the four nondimensionalequilibrium parameters� , � , l and � can equivalently be
expressedby ~H , ~	 (t ) , ~	 (p) and ~M = M =� L. In fact, for j� j < � T � 3:112,which
is necessaryfor stabilit y (seebelow), the right-hand sideof (34) is monotonousin
� . Thus, (34) can be uniquely solved for � . Using (33), � can then be expressed
by ~M and ~H , and � and l are determinedfrom (35) and (36).

4 Relaxed states in the cylinder

Whether the equilibrium solution discussedin the preceedingsectionis a relaxed
state or not dependson the secondvariation � 2W of the functional (3). In the
following we useits reducedform (21). Sincethe whole problem is homogeneous
in the variables� and z, it su�ces to considertest functions of the form

� (� ; z) = X ei (m� + kz) ; m 2 ZZ; k 2
2�
L

ZZ; X 2 IC: (37)

Note that � needsonly to be de�ned on the interface r = 1. The magnetic �eld
b is then determinedby (22){(28) and allows the ansatz

b(x) = ~b(r ) ei (m� + kz) : (38)

Inserting (38) into (22) yields for �xed m and k the following systemof ordinary
di�erential equationsin P, i.e. for r � 1:

i
m
r

~bz � i k ~b� = � ~br ; (39)

i k ~br �
d
dr

~bz = � ~b� ; (40)

1
r

d
dr

�
r ~b�

�
� i

m
r

~br = � ~bz : (41)

Inserting (38) into (23) amounts to (39){(41) with a vanishing right-hand side
and the independent equation

1
r

d
dr

�
r ~br

�
+ i

m
r

~b� + i k ~bz = 0; (42)

valid in the vacuum region V, i.e. for 1 � r � l .
By substitution oneobtains from (39){(41) a singleordinary di�erential equa-

tion for ~bz, h d
dr

+
1
r

d
dr

�
�

K 2 +
� m

r

� 2�i
~bz = 0; (43)
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whereK 2 := k2 � � 2. Once~bz is determined,~br and ~b� are given by the algebraic
equations

~br = �
i

K 2

�
�

m
r

~bz + k
d
dr

~bz

�
; ~b� =

1
K 2

�
k

m
r

~bz + �
d
dr

~bz

�
: (44)

Two linearly independent solutionsof (43) arethe modi�ed Besselfunctions I m (x)
and K m (x) with x:= K r . Note that I m (x) is regular at x=0 but K m (x) is not
[11].

In the plasmaregion P eqs.(43), (44) are equivalent to (39){(41) as long as
K 6= 0; thus for K 6= 0 the eigenfunctions,regular at r = 0, in P take the form

~bP
r = � iN P

� � m
K x

I m (x) +
k
K

I 0
m (x)

�
; (45)

~bP
� = NP

� k m
K x

I m (x) +
�
K

I 0
m (x)

�
; (46)

~bP
z = NP I m (x) : (47)

The prime meansdi�erentiation with respect to the argument and NP is a nor-
malization constant yet to be determined. For K = 0 the casesm 6= 0 and m = 0
have to be distinguished. For m 6= 0, oneobtains after somealgebra

~bP
r = � iN P k

� � 2

jmj + 1
r jmj+1 + jmj r jmj� 1

�
; (48)

~bP
� = NP �

� � 2

jmj + 1
r jmj+1 � jmj r jmj� 1

�
; (49)

~bP
z = 2NP � 2 r jmj ; (50)

and in the casem = 0
~bP

r = � iN P k r; ~bP
� = NP � r; ~bP

z = 2NP : (51)

It is not hard to verify that for k 6= 0 eqs.(43), (44) with � = 0 describe solutions
in the vacuum region V as well. For 1 � r � l we obtain

~bV
r = � iN V

�
I 0

m (x) + cmK 0
m (x)

�
; (52)

~bV
� = NV

m
x

�
I m (x) + cm K m (x)

�
; (53)

~bV
z = NV

�
I m (x) + cmK m (x)

�
; (54)

with x= kr andNV a normalization constant. The coe�cien t cm := I 0
m (kl)=K 0

m (kl)
has beendetermined from the boundary condition (25). The special casek = 0
is directly determinedfrom (39){(41) and (25). For m 6= 0 this yields

~bV
r = � i

NV

r

�
(r =l)m � (r =l) � m

�
; (55)

~bV
� =

NV

r

�
(r =l)m + (r=l) � m

�
; (56)

~bV
z = 0; (57)
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and for m = 0
~bV

r = 0; ~bV
� = N �

V =r; ~bV
z = N z

V : (58)

Equation (24) can be used to relate the normalization constants NP=V to the
amplitude X of the displacement � of the interface, cf.(37). Observing that the
secondterm on the right-hand sideof (24) always vanishes,and using (29), (30)
and (45), (52), we calculate

NP = � X
p

1 � � K 2 um
k (� )

� mI m (K ) + kK I 0
m (K )

; (59)

NV = � X
um

k (� ) cos� + vm
k (� ) sin�

I 0
m (k) + cm K 0

m (k)
; (60)

where

um
k (� ) := k J0(� ) + m J1(� ); vm

k (� ) := m J0(� ) � k J1(� ): (61)

Similar relationsareobtained in the specialcasesK = 0 and k = 0, m 6= 0. Note,
however, that (24) doesnot provide any information in the casek = 0, m = 0.
In that casethe normalization constants are determined by the 
ux conditions
(26){(28),

NP = � X
p

1 � � �
J0(� )
J1(� )

; (62)

N �
V =

X
ln l

�
J1(� ) cos� + J0(� ) sin�

�
; (63)

N z
V =

2X
l2 � 1

�
J0(� ) cos� � J1(� ) sin�

�
: (64)

In all other casestheseconditions contain no additional information.
If (46), (47), (53), (54) togetherwith (59), (60) and the equilibrium quantities

(29), (30) and (32) are inserted in (21), � 2W takesthe form

� 2W = � 2W m
k (�; � ; l ; � )

= 2� L jX j2
n

F m
k (�; � ; l ) + (1 � � )[Gm

k (� ) + J 2
1 (� )] + H (�; � )

o (65)

with

F m
k :=

(um
k (� ) cos� + vm

k (� ) sin� )2

f m (k) gm(k; lk)
; (66)

Gm
k :=

um
k (� )(k um

k (� ) � � wm
k (� ))

k f m (K ) + � m
; (67)

H := � (J0(� ) sin� + J1(� ) cos� )2; (68)

and

f m (x) := x
I 0

m (x)
I m (x)

; (69)
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gm (x; y) :=
� I 0

m (y) K 0
m(x)

I 0
m (x) K 0

m (y)
� 1

� �
1 �

I 0
m (y) K m(x)

I m (x) K 0
m (y)

� � 1
; (70)

as well as
wm

k (� ) := � J0(� ) � f m (K ) J1(� ) : (71)

The quantities um
k (� ) and vm

k (� ) are de�ned in (61) and K is the squareroot
with positive real part of K 2 = k2 � � 2. The special casesK = 0 and k = 0
(each with the further distinction m = 0 and m 6= 0) need not be considered
separately. As it turns out all these casesare already contained in (65) if one
takes the appropriate limits K ! 0 and k ! 0. Thus, the equilibrium solution
(29), (30) is a relaxedstate if and only if for all m 2 ZZ and all k 2 2�

L ZZ we have
� 2W > 0.

Due to the complexity of � 2W the evaluation of this criterion has to be done
numerically. However, a number of simpli�cations and generalstatements can
be madebeforehand. Let us begin with noting someproperties of the functions
f m and gm following from those of the modi�ed Besselfunctions I m and K m

[11]: f m is an even, monotonically increasingfunction on the positive real axis
with f m (0) = m and f m (x) � x for x ! 1 . Especially for m = 0, we have
f 0(x) � x2=2 for x ! 0. For �xed l > 1, gm (x; lx) is a positive and even function
of x with the limits gm ! 1 for x ! 1 and gm ! (l2m � 1)=(l2m + 1) if m 6= 0
and g0 ! l2 � 1 for x ! 0. Theseproperties imply, in particular, that F m

k is a
nonnegative and hencestabilizing term. H is obviously nonpositive and Gm

k can
take either sign.

A �rst simpli�cation is that � 2W m
k need not be consideredfor all m 2 ZZ;

m = 0 and m = 1 are su�cien t. This follows from a di�erent representation
of � 2W which allows the conclusionthat the minimum of � 2W with respect to
m 2 ZZ n f 0g is obtained for m = 1. This result is contained in Appendix B of
[12] and neednot be repeatedhere. In fact, in [12] a slightly di�erent functional
is considered;the modi�cations, however, do not a�ect the conclusion.

A secondsimpli�cation arisesif k is allowed to vary continuously over the real
line. Such a criterion correspondsto a cylinder of in�nite length which is the the
large aspect ratio limit of an axisymmetric torus. For cylinders of �nite length
the condition � 2W m

k > 0 for m = 0; 1 and all k 2 IR still represents a su�cien t
condition for stabilit y.

Next we considerthe symmetriesof � 2W with respect to � , � and k: � 2W is
invariant under the substitution

� ! � + � (72)

as well as under the simultaneoussubstitutions

� ! � �; � ! � � ; k ! � k : (73)

It is thus su�cien t to investigate � 2W in the range � � 0, 0 � � � � , k 2 IR. A
further restriction on � is well known from Taylor's theory: considerthe zerosof
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the denominator of G1
k . An obvious zero is obtained for k = � � . Another one

may appear for jkj < � . With x :=
p

� 2 � k2 the condition for a zero in this
k-rangetakesthe real form

k x J0(x) + (� � k) J1(x) = 0; (74)

which is precisely Taylor's dispersion relation (cf. [2]). There are no zerosfor
� < � T � 3:112 and there is always at least one zero k� for any � � � T . The
obvious zerohappensto be a zeroof the numerator of G1

k , too, and G1
k remains,

in fact, bounded. For � T and k� T =: kT � 1:234, however, the numerator takes
the negative value (u1

kT
(� T ))2(k2

T � � 2
T )=kT , whereasthe denominatorapproaches

zero from the positive side. Sincein this limit all other terms in � 2W take �nite
valueswe have for � 6= 1

lim
k! kT

� 2W 1
k (� T ; � ; l ; � ) = lim

k! kT

G1
k(� T ) = �1 ; (75)

which implies instabilit y. It is easyto seethat, in fact, instabilit y prevails for all
� � � T . The �eld-free case� = 1 is consideredbelow. It turns out to be at best
marginally stable.

It wasa major �nding in [7] that pressurelessequilibria with a smooth interface
and ergodic �eld lines on that surfaceare relaxed states only if the pitch angle
� of the magnetic �eld jumps acrossthe interface. This property holds for the
present equilibrium with pressureas well. For � = 0 we �nd

� 2W 1
k (�; 0; l ; � ) � 2� L jX j2

�
(u1

k(� ))2

f 1(k) g1(k; lk)
+ (1 � � )

k (u1
k(� ))2

k f 1(K ) + �

� (1 � � ) u1
k(� )

� w1
k(� )

k f 1(K ) + �

�
:

(76)

For � 6= 1, � 6= � 0 � 2:405, the lowest zero of J0, and k close to k0 :=
� J1(� )=J0(� ), � 2W 1

k is dominated by the third term on the right-hand side of
(76), which takesboth signscloseto k0. Thus, with the above restrictions � = 0
implies instabilit y. For � = 0 and � = � 0 marginal stabilit y can be obtained at
best.

In order to obtain a more completedescription of the stabilit y region in the
spaceof the parameters� , � , l and � we have evaluated � 2W numerically. More
precisely, � 2W m

k (�; � ; l ; � ) is minimized with respect to k 2 IR for �xed valuesof
� , � , l and � , and for m = 0 and 1. The result is denotedby � 2W m

min . Note that
� 2W simpli�es considerablyfor m = 0, i.e.,

� 2W 0
k (�; � ; l ; � ) =

k2

f 0(k) g0(k; lk)
(J0(� ) cos� � J1(� ) sin� )2

+(1 � � )
�

J 2
1 (� )

K 2

f 0(K )
+ J0(� )J1(� ) + J 2

1 (� )
�

� (J0(� ) sin� + J1(� ) cos� )2:

(77)
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The minimization procedureevaluates � 2W m
k in the K -range � K � k � K ,

starting with � K and using the constant k-step 4 k. The procedurestops if a
negativevalueis found, otherwisethe equilibrium is classi�ed stable(with respect
to m). Typically we usedK = 5, 4 k = 0:005for m = 0 and K = 20, 4 k = 0:002
for m = 1. The minimizing k-value kmin always turned out to be of order one
(with oneexception,seebelow). Largerk-rangesor smallerk-stepsdid not change
the sign of � 2W m

min .
Wepresent our resultsby indicating stableregionsor linesof marginal stabilit y

in the � { � {plane for �xed values of l and � , and separately for m = 0 and 1.
We �rst discusspressurelessequilibria (� = 0), which turn out to be the most
unstable.

5 Pressureless relaxed states

Figure 1a) presents the stable region (unhatched) in the � { � {plane with nondi-
mensionalwall radius l = 1:5. The unstable region due to m = 1{modes (i.e.

a) b)

� �

� �

Figure 1: a) Stable region (unhatched) in the � { � {plane with l = 1:5 and � = 0.
Regionshatched from top left to bottom right are (m = 1){unstable, regions hatched
the other way round are (m = 0){unstable. The �gure hasbeenproducedby evaluating
� 2W for 200� 200points in the � { � {plane. In the minimization procedurewith respect
to k we used K = 5, 4 k = 0:005 for m = 0 and K = 20, 4 k = 0:002 for m = 1. b)
Zero level lines of � 2W 1

min (corresponding to lines of marginal stabilit y for � < � 0) with
� = 0 and l = 1:5; 2; 3; 4, increasinginwards.

� 2W 1
min < 0) is hatched from top left to bottom right, that due to axisymmetric

modes(m = 0) is hatched from bottom left to top right. Obviously, the stabil-
it y region is predominantly bounded by m = 1; only closeto the point (� = 0,
� = � 0), m = 0 adds a further restriction. In fact, � 2W 0

k is always stable for
� = 0 and 0 � � < � 0: with 2f 0(x) � x2 and J0(� ) > 0 for 0 � � < � 0 the
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secondand third term in (77) allow the estimate

J 2
0 (� ) K 2

f 0 (K ) + �J 0(� )J1(� ) + J 2
1 (� ) � (J0(� ) sin� + J1(� ) cos� )2

� J 2
0 (� )+ J 2

0 (� )(1� sin2 � )� J0(� )J1(� )(2 sin� cos� � � )+ J 2
1 (� )(1� cos2 � )

� J 2
0 (� ) + (J0(� ) cos� � J1(� ) sin� )2 > 0;

and hence� 2W 0
k > 0.

The point (� = 0, � = � 0) has another special feature. Numerically we �nd
minimizing valueskmin for k of order 1 except at (� = 0, � = � 0), where kmin

becomeslarge. This correspondsto the fact that � 2W m
k � jkj for large jkj except

at (� = 0, � = � 0), as can be seenfrom (65){(67).
Figure 1b) presents a seriesof zero level lines of � 2W 1

min with increasing l.
Below � 0 these lines are lines of marginal stabilit y as follows from the above
remark. With increasingl the stable region shrinks to a \most stable point" in
the � { � {plane. From the symmetries(72), (73) follows that the stable region in
the � { � {plane is symmetric with respect to (� = � =2, � = 0). The \most stable
point" is thus (� = � =2, � = 0). It is reached for l = lc � 4:983. Cylinder-
symmetric relaxedstateswith nondimensionalwall radius greater than lc do not
exist.

Figure 2 illustrates the caseof decreasingl. The most remarkable �nding,

a) b)

� �

� �

Figure 2: Sameas �g.1a) with a) l = 1:1 and b) l = 1:01.

which has no counterpart in plane geometry (cf. [7]), is an additional wedge-
shaped stabilit y region in the upper-right corner of the stabilit y diagram. With
decreasingl a (m = 1){stable wedge\op ens" at l � 1:2. This wedgeis, how-
ever, still (m = 0){unstable. With further decreaseof l the (m = 1){stable wedge
increases,whereasthe (m = 0){unstable region decreases.At l � 1:03 a com-
pletely stablewedgeappears. In the limit of vanishingvacuumregion(l ! 1) the
(m = 0){unstable region disappearsand the stable wedgetakes a limit position
marked by the points (� � 1:94; � = � T ), (� � 2:52; � = � T ) and (� = � ; � = � 0).
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6 Relaxed states with pressure

The generalcase� 6= 0 hasnot beenasthoroughly investigatedasthe pressureless
case. The overall impression is that the stabilit y region always shrinks with
increasing� . This has beencon�rmed for a number of equilibria. However, it is
not obvious from the analytic form of � 2W and there is no simple relationship
between � and the other parameters, as we have in plane geometry (see the
appendix). Only the �eld-free limit case� = 1 is easyto treat. Minimization
with respect to m and k yields

� 2W 0
0 (�; � ; l ; 1) = � (J0(� ) sin� + J1(� ) cos� )2: (78)

Thus, there is instabilit y for tan � 6= � J1(� )=J0(� ) and marginal stabilit y other-
wise.

There is a remarkabledi�erence betweenequilibria with and without pressure
concerningthe connectivity of the main stable region. For � 6= 0 the (m = 0){
unstable region is no longer restricted to the range � 0 � � � � T (see�g. 3). In

a) b)

c) d)

� �

� �

� �

� �

Figure 3: Sameas �g.1a) with l = 1:1 and a) � = 0:1, b) � = 0:4, c) � = 0:5, d)
� = 0:8.

fact, with increasing� the (m = 0){unstable region extendsto lower valuesof � ,
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�nally reaching the point (� = � =2, � = 0) for � = 1=2. The (m = 1){unstable
regionshrinks with increasing� qualitativ ely in the sameway aswith increasing
l to the \( m= 1){most stable point" (� = � =2, � = 0). This can lead to a doubly
connectedstable region for � � 1=2 as demonstrated in �g.3c). With further
increaseof � the equilibrium becomesunstableeven beforethe (m= 1){unstable
region hasshrunk to (� = � =2, � = 0).

Let us, �nally , considerthe critical nondimensionalwall radius lc beyondwhich
no cylinder-symmetric relaxed state exists. It dependsnow on � . For � � 1=2
the \( m = 1){most stable point" (� = � =2, � = 0) determineslc (as in the case
� = 0). Evaluating � 2W at that point yields

� 2W 0
min (0;

�
2

; l ; � ) = (1 � � ) min
k

k2

f 0(k)
� 1 = 1 � 2� ; (79)

� 2W 1
min (0;

�
2

; l ; � ) = min
k

� 1
f 1(k) g1(k; lk)

+ (1 � � )
k2

f 1(k)

�
� 1 : (80)

Equation (79) demonstratesthat (� = � =2, � = 0) is for � < 1=2 always (m= 0){
stable, independently of l . Setting (80) to zerothus yields the critical curve lc(� )
(see�g.4). For � � 1=2 the graph in �g. 4 still givesan upper bound on lc(� ).

0 0.5 1
1

3

5
lc(� )

�

Figure 4: Critical nondimensionalwall radius l c (solid line) versusplasma pressure�
for 0 < � � 1=2, and an upper bound on lc (dashedline) for 1=2 < � < 1.

As expected lc(� ) is a monotonically decreasingfunction of � , with lc(� ) ! 1 as
� ! 1, and with a global maximum given by lc(0) = lc � 4:983(cf. section5).

7 Conclusions

In this study the variational principle for relaxed plasma vacuum systemswith
pressurehas been applied to axially periodic circular cylinders. The emphasis
of the work is lesson providing realistic stabilit y boundariesfor toroidal pinch
experiments than on a thorough exploration of the consequencesof the varia-
tional principle in a nontrivial system. Systemswith cylindrical symmetry are
simple enoughto allow explicit calculations. Moreover, the cylinder results can
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be comparedwith Taylor's original theory of plasmarelaxation without vacuum
region. Still simpler systems,e. g. a plane slab as consideredin [7], have serious
drawbacks. The magneticaxis is missing,and arti�cial boundary conditionshave
to be used. Moreover, the dependenceof stabilit y boundarieson the equilibrium
parametersdegeneratesin an unrealistic way.

The over-all impression of our analysis is that relaxed states form a com-
plicated set in the spaceof all force-freeplasma-vacuum states with cylindrical
symmetry. Nevertheless,a number of generalfeaturescan be observed. Most im-
portant, there is no relaxedstate without tangential discontinuity at the plasma-
vacuum interface. This result is in accordancewith general ideas about the
relaxation process.However, asfar aswe know, it hasnot yet beendemonstrated
in any systemin a rigorous way.

If comparedto the casewithout vacuum region the critical pinch parameter
of a plasma-vacuum relaxed state lies in an interval which is allways smaller
than that known from Taylor's theory. This interval is shrinking with increasing
vacuumregionor increasingplasmapressure.In particular, there is a critical ratio
of wall radius over interface radius (depending on the plasma pressure)beyond
which no relaxedstatesexist.

A App endix

In the simplestpossiblegeometry, the vesselis a topologically toroidal planeslab.
This situation, whereall curvature e�ects are eliminated, has beendiscussedin
[7] for the caseof vanishing pressure.We report here the modi�cations due to a
nonzeroconstant plasmapressure.

We useCartesiancoordinates(x; y; z), wherex denotesthe radial coordinate,
y the poloidal oneand z the toroidal one. Physical quantities are assumedto be
periodic in y and z with periods L y and L z. The vesselis the domain 0 � x � L x

with an inner wall at the planex = 0 (simulating the magneticaxis) and the outer
wall at x = L x . We assumeat x = 0 the sameboundary condition Bx = 0 as
at x = L x . Additionally we require

RL y

0 By dy = 0 at x = 0 in order to eliminate
the additional Neumann�eld present in a toroidal layer in comparisonto a solid
torus.

The equilibrium to be considereddepends only on the radial coordinate x.
The magnetic�eld hasno radial component (Bx � 0), and its poloidal component
vanishesat the \magnetic axis" (By = 0 at x = 0). If the plasmavacuuminterface
is the plane x = L, then

By = BP sin�x; Bz = BP cos�x; (81)

for 0 � x � L (force-free�eld), and

By = BV sin(�L + � ); Bz = BV cos(�L + � ); (82)
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for L � x � L x (vacuum �eld). Here, BP and BV are nonnegative constants
related by B 2

V � B 2
P = 2P with P denoting the constant plasmapressure,and �

is an arbitrary anglewhich speci�es the jump of the pitch angleof the magnetic
�eld acrossthe interface. If the vessel(i.e. the three lengths L x , L y and L z) is
given, then there are four nondimensionalequilibrium parameters.Thesecan be
chosenas the pinch ratio �L , the � -factor � = 2P=B2

V , the jump of the pitch
angle� and the ratio l = (L x � L)=L of vacuum over plasmalayer thickness.

The evaluation of the stabilit y criterion � 2W > 0 for the equilibrium (81),
(82) is completely analogousto the casewithout pressure(cf. [7]) and neednot
be repeatedhere. In the limit of a thin slab the dispersionrelation characterizing
the stabilit y region in the parameter spacetakes the sameform as in the case
without pressurewith the only di�erence that the lengthsratio l is replacedwith
~l := l(1 � � ), i.e. the equilibrium (81), (82) is stable if and only if the pinch ratio
�L is in the interval

� � (� ; ~l)L < �L < � + (� ; ~l)L;

where� + (� ; ~l)L is the smallestpositive root of the equation

~l�L sin�L � 4sin� sin(�L + � ) = 0

and � � (� ; ~l)L := � � + (� � ; ~l )L. Thus, the most remarkable �nding in [7], i.e., that
stabilit y implies a nonzerojump � of the pitch angle, is preserved if pressureis
added. Nonzeropressurecorrespondssimply to an enlargedlengthsratio l, which
implies a shrinking stabilit y region in the � { � {plane (cf. Fig.1 in [7]). The limit
caseof a �eld-free plasmaregion (� = 1) corresponds to an unboundedvacuum
region (l = 1 ), a situation which is known to be unstable.
Acknowledgments.The �rst author (R. K.) would like to thank G. Spiesand D.
Lortz for numerousfruitful discussions.
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