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Tree structures for proximity data

H. Coloniusand H. H. Schulze

Previous work on representing proximity data by tn.>e structure8 is revit'wed. 'I'he authorM then pn.'sent
two paradigms for data collection amt dt~velop appropriate mCt\KUremt'nt structureK for nOIl-nußlt'rical
du,ta. 'fwo theorems on representin~ thcl:Ie data iJy rooted or unro()t.t~d tl'ees are ~iven emd thcir
relationship to tlw more convcntional rcprel'icntation by a dis:iimilarity indt.x ili discU8.'it~d.

1. Introduction

Among typieal paradigms for the eolleetion of proximity data one finds various
rating 01' sorting tasks; for example, a subject IHay be asket! to give a rating of the
subjeetive similnrity for eaeh pair of the set of objects under study, to judgc whieh of
two pairs of objeets are more similaI', 01' to sort the objeets into subsets of equal
similarity (e.g. Miller, 1969; li'illenbaum & Rapoport, 1971). 'fhe data analysiH usually
proeeeds by computing sorne numerieal index of subjective distances between the
objeets. It is assumed that the objeets under study can bc ernbcddcd in some
geometrie space in such a way that the subjective distanees are represented by the
rnetrie distanees between the I'espcetive points. Complementin~ this multidimensionnl
sealing approach, there has been a growillg interest in rccent years in repl'esenting
proximity data by graph-theoretical struetures and in compal'ing both kinds of
representations (Holman, 1972; Carroll, 1976; Sattath & Tversky, 1977). Here it is
assumed that the objects ean be represented as nodes of a graph, typically a tree, so
that the subjective distanees are refieeted by some distance mea.sure on the set of
nodes of the graph. While for both approach es numerous efficicnt algorithms are
nvailable for produeing representations that are best fitting in some specified sense,
r'esearch on wh ich properties of the proximity data actually guarantee the existence
uf the assumed representatiun is scarce. In this paper, we analyse thc tree
representation problem 1'1'0111a measur'ement-theoretic point of view. We should like
to ernphasize that the starting point of our analysis is not sorne nurnerical index of
the subjective distances derived fr'orn the subjects' judgements but rather an
empirical relation on the set of objects under study which is defined directly in terms
of thuse judgements, For example, if the subject is asked to indicate, for each tl'iple
of objects, that pair whieh seems 'moHt simila.r', we are dealing with a tt~rnary
relation on the set of objects. This approach may be compared to Beals et ale 's (1968)
foundation of multidimensional sealing whcre they consider conditions on a relation
bctween pairs of objeets of a set that guarantee the existenee of ametrie on tImt set.
It ernerges from this axiomatic point of view that thc two kinds of approaehes-
geometrie and graph-theoretieal-are not different jn principle since both search for
eonditions on proximity data that allow embeddings in ametrie space. They differ,
however, as to the proper'ties one wishes the metric space to possess,

'fhe organization of this paper is as f()lIows: we start with somt~ needed graph-
theoretical terminology; thcn we review previowo; wor'k on rcpn'senting Ju'oximity
data by tree structures. In the fourth section, we introduce two paradigms 1'01'
collt>cting proxirnity data {lnd systematically deve1op appropriate m{'asuJ'{~ment
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structures. We provide proofs for two representation theorems suggested without
proof by Coloniu~ & Schulze (1979). Finally, we report some preliminary results on
the application of our method to the representation of verbal meaning.

2. Terminology

A set with m elements will be called an m-set. A graph G = (N, E) consists of a finite
non -empty set N of nodes and a set E of unordered pairs of distinct nodes of N. Each
such pair {a, b}, a, bEN, is an edge of G and is said to be incident with both a and b. A
subgraph of G is a graph wh ich has all its nodes and edges in G. The degree of anode
a in G, denoted by deg (a, G), is the number of edges incident with a in G. Nodes of
degree one are called terminal nodes. A walk of a graph G is an alternating sequence
of nodes and edges a, {a, b}, b, {b, c}, c, . . . beginning and ending with nodes, in which
each edge is incident with the two nodes immediately preceding and following it. A
path is a walk where all nodes are distinct. A cycle is a path where the first and the
last node are identical. A graph is connected if every pair of nodes is joined by a path.
A tree is a connected graph having no cycles. A rooted tree has one node, its root,
distinguished from the others. Any node may be elected to be the root. The graphical
distance of node a to node b is equal to the number of edges in the path from a to b.
A dissimilarity index on a set of objects S is a function 8 from S x Sinto the non-
negative real numbers such that (i) 8(a, a) = 0, (ii) 8(a, b) = 8(b, a) for any a, bE S. For
simplicity, we also assurne that (iii) 8(a, b) = 0 implies a = b.

3. Previous work

The representation problem has usually been stated as follows: Given a set of objects
and a dissimilarity index find a tree in which the objects are represented as terminal
nodes such that a to be defined tree metric corresponds to the dissimilarity index.
Two different definitions of a tree metric have been considered:

(a) The ultrametric. In a rooted tree representation a non-negative weight is attached
to every node such that the terminal nodes have weight zero and the root has the
largest weight and the sequence of weights of the nodes on a path from a terminal
node to the root is strictIy increasing. The distance between two nodes a and b is
defined as the maximum of the weights of the nodes on the path from a to b.

A necessary and sufficient condition on the dissimilarity for this representation is
well known. It is the so-called ultrametric inequality (Johnson, 1967). For all the
elements a, b, c of the set the following condition must hold:

d(a, c) ~ max (d(a, b), d(b, c)).

Numerous algorithms are available for the construction of rooted trees from fallible
data (Johnson, 1967; Hartigan, 1967, 1975; Lerman, 1970; Jardine & Sibson, 1971;
Hubert, 1972, 1973).

(b) Additive tree metric. An alternative representation has been explored more recently
by several investigators. A weight is attached to each edge and the distance between
two nodes is defined as the sum of the weights of the edges on the path from one
node to the other.

There ex ist several parallel proofs in the literature that the so-called four-point
condition is necessary and sufficient for an additive tree representation (Simoes-
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Pereira, 1969; Patrinos & Hakimi, 1972; Dobson, 1974; Buneman, 1974). This
<.'ondition is def1ned as follows:

{
d(a, c) +d(b, d)

d(a, b) +d(c, d) ~ max d d) 1(1 )(a, +t: ~,c.

Dobson (1974) has shown that the ultrametric inequality implies the four-point
condition, which in turn implies the triangle inequality

d(a, b) +d(b, c) ~d(a, c).

The problem of finding an optimal tree that gives the minimum discrepancy between
the dissimilarity index and the tree distance has not yet been completely solved.
Note that two subproblems arise: first one has to find an appropriate tree and second
the optimal weights must be computed. The second problem has an analytie solution
for a lea.st squares criterion, but the properties of the algorithms for the constructioH
or the tree are not fully understood (Cunningham, 1974, 1H78;Carl'oll & Pl'uzanski,
1975; Carroll, 1976; Sattatll & Tversky, 1977).

Additive bidirectional trees. If similarity judgements are asymmetric, the concept of
an additive tree must be generalized further. An additi've b'idirectiona./tree is an
additive tree in wh ich each edge has been replaced by a pair of edges dil'ected in
opposite directions. Patrinos & Hakimi (1972) give necessary and sufficient conditions
for the existence of an additive bidirectional tl't'e I'epresentation and Cunningham
(1978) presents a leastsquares solution for the tree construction l)I'oblem. For
psychologicaJ models incorporating asymmetl'ie similarity judgements the r.cader is
rt~ferredto Tversky (1977), J(rumhansl (1978), and MÖhus (1979).

Betweenness. Still another approach apparently closer to the one that will be
presented in the next section was given by Sholander (1952) and, more recently,
Defays (1979). They consider an (empirical) ternary relation called 'betweenness' on
the set of objects undcr study which is thcn represl~nu'd by a betweenness relation
iLmong the Hodes of a tree ('the node b is on thc path fr'OIBnode a to node c'). Note,
however, that this representation has sorne peculiar features. The more empirical
'betweenness' judgernents can be given by the subject the more trivial the tree
structul'e bt~comes; specifically, if the subject is abJe to give a 'betweenness'
judgement for any tripie of objects, the tree becomes a single line or ser.ial order. On
the other hand, the less 'betweenness' judgements are available the more structurally
different trees exist that ft'present the 'betweenness' relation correctly. In the lattcr
case, only a subset of the nodes of the representing tree eorresponds to the set of
given objects.

4. Tree structure representation

When psychologists constrUf't a tree from dissirnilar.ity data they hope that this tree
reflects the subjective representation of the objt>cts under study. 11'they are lucky
anti imaginative they ('an give a plausible interpretation of the tree. Typi<.'ally, the
inu'rpretation consists or giving names to the l~dges of the tree that denote properties
of the objects such that aH the Objl'cts on one side of the edge share this property
while the ohjects on the other side du not. A property lIlay ue a particular value of
an attribute or a logical combination of value:-'t01' severaJ attr'ibutes. 'fhis suggests a
diff{~rent approach to the construetion of tlw tr'N~. Rather than asking tlw suhjects to
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give a numerieal judgement (rating) of the dissimilarity of the objeets one may ask
them to sort the objeets into different elasses. Hpeeif1caHy,we are coneenled here
with two paradigms. In the first, a variation of the method of triads (Luce &
Galanter, 1963), a trial eonsists of prescnting a set of three objeets and asking the
subjeet to indicate the 'most similar' pair. Proximity data of this kind have the form
of a temary relation T on A, i.e. T c A J. For cxample, abTe will indieate that the
subjeet eonsidel1i neither a, c nor b,e the 'most similaI" pair (for a, b,cE A). In the
second paradigm, the subject is eonfronted with foul' objects at a time and has to
sort them into two classes of two objects each such that the 'most similar' objects are
together. These data have the form of a quatemary relation J[ on A, i.e. H c A4.
For example, abHed will indieate that the subjeet considers that sOl'ting a, b against
c, d expresses the respective similarities at least as weH as thc other two possible
partitions. I t should be noted that in both paradigms the subjeet is given the option
of not sorting the objeets at all if aH similarities npp{~arequal. It will turn out that
data of the latte I' kind may appropriately bc represented by an unrooted trce while
those of thc former paradigm suggest a rooted tree representation. For a further
discussion of the psychologieal aspects of these data representations the reader is
referred to Uolonius & Schulze (1979). We now turn to the trc(~ representations of
thc cmpirical relations.

Let a, b, c be elements of the set of terminal nodes of some rooted tree R = (N, E, r)
with root r. Obviously, either the thftle nodes can bc relabelled u, v, w such that the
path from 'Uto v has no nodes in eommon with the path from w to the root, 01'any
path eonnecting two of the terrninal nodes contains anode of the path from the third
terminal node to the root. The POssible contigurations are given in Fig. 1. \Ve

0
AAAI1\

b co c bb C 00 b

(1) (2) (3) (4)

c

Figure l. Four possible configurations wjth thr~e tl'rminal nodes in a roo~d tn~e.

abbreviate ease (1) by (ab)*c, (2) and (3) analogously, and (4) by (abc). As will be
seen, specifying for any tri pie of terminal nodes which one of the above
configurations holds uniquely determines the root Rnd the whole structure of the tree
up to deletion 01' addition of non-root nodes of degree two. For simplicity, in what
follows, we consider only rooted trees with the root not being an eleJnent of the set of
terminal nodes. Here we do not want to presuppose the existenee of a tree but rather
investigate the following problem:

Problem (T). Given a set of objects 8, which restrictions have to be imposed on
a temary relation T on 8 such that there exists a rooted tree where T ean be
represented in terms of the ternary relation on the terminal nodes depicted in
Fig. 1 in the following sense

ahTc iff(ab)*c 01' (abc)

(for all fl,b,reA)?
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Two remarks are in order here. }1'irst,it Dlay not be obvious to the reader why a tree
with a root is called for in this case. Suppose there is no root specified; then, tor any
tri pIe of terminal nodes, the tour contiguratiolls in Fig. 1 are undiscriminable and
would thus not reflcct the relation T. \Ve du not claim that thcr'l~are 110othcr ways
of representing the relation T in a tree but the one we know of-the betweenness"
relation--does not seem appropriate for similarity representations. Recond, it is not
necessary to restrict attention to the set of terminal nodes. It would not be di1'ficult
conceptually to generalize the representation in such a way that objects may u.lso be
represented by non,-terminal nodes. However, limits of space prcvent URfrom doin~
so.

Before presenting a solution for Problem (T) we introduce the corresponding
problem for the relation H of the second paradigm. .

Let a, b, c, d be elements of the set of terminal nodes Nt of some tree T = (N, E).
Obviously, either the four nodes can be relabelled u, v, w, z such that the path joining
u and v has no edge in comlnon with the path joining wand z, or a1l paths joining
any two of the nodes intersect at one and only one non-terminal node of 1'. The
possible contigurations are given in ]i'ig. 2.

c a c

b d c d d b b d

(1) (2 ) (3) (l. )

Figure 2. Four possible configurations with four terminal nodl's in an unroott'd tl't'c.

\Ve will abbreviate case (1) by (ah)*(cd), (2) and (3) analogously, and (4) by (abed).
As will be seen, specifying for any quadruplc 01' termina.l nodes whieh olle of the
above configurations holds (path intersection proper.ty) uniquely determines the
whole structure of the tree up to deletion or addition of nodes of degree two.

Problem (11). Given a set of objects 8, which restrictions have to be imposed on
a quatenlary relation H on 8 such that there exists a tree where I/ ean be
represented in terms of the quaternary relation on the terminal nodcs depicted
in Fig. 2 in the following sense

ahl/cd iff(ah)*(cd) or (abcd)

(for aU a,b,c,deA)?

The remark above on confining attention to the terminal nodes applies to this case,
too. The following definition captures the notion of an empirical relational stl'ucture
for' the first paradigm:

Definition 1. A pair (8, T) is a T-structure iff 8 is a finite non-empty set and T a
ternary relation on S, such that for all a, b,c e 8

(i) abTe iff bllTc;
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(ii) abTe or aeTb or beTa, and if any two of these hold so does the third (in
whieh case we write abc'P);

(iii) ab7'e implies either a=l=eand b=l=eor a = b = e.

We write abT*e iff neither acTb nol' beTa hold.

In the above definition, (i) reftects the inherent symmetry in the task of picking a
pair of objects, whiJe (ii) asscrts that every tripie of objects is tnken into
consideration. (ii) and (iii) imply aa'l'*b für any distinct a, beS, Le. a pair of identical
objects is always judged 'most similar'.

Example 1. The set of terminal nodes of a rooted tree with the temary relation
illustl'ated in Fig. I provides an obvious exampJe for a T-strueture in the sense
suggested by Problem (T). lt will become appal'ent, however, that further restrictions
on a T-structure are needed for a solution of the representation problem.

Example 2. Take a family of subsets of some base set M where the pairwise
intel'sections satisfy the properties of a 1'-stl'ucture with respect to the following
interpretation of the relation T: abTe iff a (') e = b (') e c a (') b for a, b, e c ~J. Such a
family has a natural interpretation as a. falnily of feature sets associated with objects
that can be repl'csented by a rooted tree: each terminal node/object is assigned those
edges/features that eonstitute the path from this terminal node to the root (see also
Colonius & Rehulze, 1979).

Definition 2. A T-strueture (S, T) is calIed rooled-lree-realizable (rl-realizable) iff
there exists a rooted tl'ee R = (N, E, r) unique up to addition 01'deletion of non-root
nodes of degree two and a one-to-one cOl'respondence J betwt'cn tlw elt'nwnts of R a.nd
the k~l'millu.1Ilodt.~s01'R sud. timt 1'01'nllY U,b,ceS

abTe, iff (J(a)J(b»*f(c) 01' (J(a)f(b)f(e».

Because of the one-to-one correspondencc bctwcen a and f(a), in what foJlows no
distinction will be made in the notation between the elements of Sand their
corresponding terminal nodes.

The foUowing lemma is tantamount to Johnson's (1967) result mentioned in
Section 3a.

Lemma 1. Let (S, T) be a T-structure; then the foJlowing two conditions are
equivalent:

(i) (S, T) is rt-realizable;
(ii) there exists an ultrametric on 8 such that

abTe iff d(a,e) = d(b,e)~d(a,b)

for aU a, b, ce 8.

The following theorem provides a solution to Problem (T). I ts proof as weU as the
proof of the eorresponding theorem for Problem (I/) are postponed to the next
section whieh may be skipped without losing the main line 01'reasoning of this paper.

Theorem 1. Let (8, T) be a T-structure; the folJowing two conditions are
equivalent:
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(i) (8, T) is rt-realizable;
(ii) whenever adT*c or bdTa, then abT*c implies bdT*c for all a, b, c, dES.

~ome comments on this theorem are in order.

Remark 1. (ii) is a simple necessary and sufficient condition for rt-reaJizability
which is, in principle, accessible to cmpirical k~sting. However, much like the
rcpresentations of fundamental rneasurement structures (cf. Krantz et al., 1971),
rt-realizability could be refuted by a single violation of Condition (ii). This is due
to the deterministic nature of our structures and a formulation that takes statistical
variability into account is in fact desirable.

Remnrk 2. The relation between Dur results and the representation of a
dissimilarity index by an ultrametric mentioned in Section :Jais wOl'th some
attention. 'fhe representation problem has two aspects in this case. 'fhe first aspect
concerns the existence problem: Does there exist a I'ook~dtree that represen ts the
dissimilarity index and what is its structural form '?'{'he second aspect is to find
optimal weights for the nodes. 'l'he various al~ol'ithms do not provide an answer to
the first question: they always produce a rooted tree whatever the dissimilarities look
like. If the dissimiJarity index is not a perfect ultrametric, these trees will be
different depending on the special algorithm being applicd. The weights for the nodes
('omputed by these algor'ithms, however, satisfy certain optilnality criteria. (for
further details the reader is referred to the literature citt.~din Hectiöf13). On the other
hand, our theorem addresses the existence question while no information is given
conceming the node weights. In fact, it will becorne clear from l..emma 1 and the
pr'oof of Theorem 1 that rt-realizability determines an ultrametric only up to
monotone transformations. Given a dissimilarity index ö, Theorem 1 may be used to
('heck the existence problem in the following way: detine relation T* by

ahT*c iff ö(a,b)<min {ö(a,c), ö(b,c)}.

Then Condition (ii) of Theorem 1, formulated in terms of the dissimilarity index,
gives a necessary and sufficient condition for rt-realizability of the index.

We now turn to a solution of Problem (11).

Definition 3. A pair (8,11) is an 11-structure iff S is a finite set, 18 I> 2, I1 a
quatemary relation on S such that 1'01'all a, b, c, dES

(i) abI/cd iff cdllab iff dcHab;
(ii) abHcd or acllbd or ad/Ihc, and if any two of these hold, so does the third (in

which case we write abcdH)
(iii) abI/cd implies either (a;i:c and a;i:d and b;i:c and b;i:d) or a = b = c = d.

\fe write abH*cd iff neither acllbd nor adl/bc hold. For a different from band c,
(i)-(iii) imply aaH*bc, and aal-Jaa.There are some obvious analogies to the 11-
structure eoncept. We thus keep our discussion of H-structures somewhat cursory
(ind invite the reader to till in the gaps. Examples 1 and 2 for T-struetures ean be
tr'ansformedin an obvious nlanner to apply to II-struetures as welJ(see also the
discussion in Colonius & Schulze, 1979).

Definition 4. An H-structure (8,11) is calJed tree-realizable (t-realizable) iff there
t>xistsa tree (N, E) unique up to addition or deletion of nodes of de~ree two and a
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one-to-one correspondence J between the elements of Rand the terminal nodes of
(N, E) such thatJfor any a, b,c,d E B

abHcd iff (J(a)J(b))*(J(c)J(d)) 01' (J(a)J(b)J(c)J(d)).

Lemma 2. Let (S, H) be an H -structur~; then the following two conditions are
equivalent:

(i) (8, H) is t-realizable;
(ii) there exists an additive tree metric on B such that abI/cd iff

d(a, c) +d(b, d) = d(a, d) +d(b, c) ~d(a, b)+d(c, d) for all a, b, c, dES.

This lemma essentially follows from the result by Dobson (1974) and others
mentioned in Section 3b. The following theorem pI'ovides a. solution to Problem (/1.

Theorem 2. Let (8, H) be an H-structure; the following two conditions are
eq ui valen t:

(i) (8, H) is t-realizable;
(ii) whenever aeH*cd 01'aeHbc, then abH*cd implies beH*cd for all a, b, c, d, e E:

Remark 3. It is instructive to consider the relationship between this result and th.
representation of a similarity index by an additive tree metric (Section 3b). Again t)
available algorithms provide weights for the edges of the tree in an optimal way but
they do not address the existence problem. On the other hand, the additive tree
metric following from .t-realizability is unique only up to transformations that leave
invariant the inequality stated in Lemma 2. Given a dissimilarity index 8, Theorem
may be used to check the existence problem in the following way: def1ne a relation}
by

abH*cd iff 8(a, b) +8(c, d) < min {8(a.,c) +8(b, d), 8(a,d) +8(b, c)}.

Then Condition (ii) of Theorem 2, formulated in terms of the dissimilarity index,
gives a necessary and sufficient criterion for t-realizability of the index.

Remark 4. The relation between t- and rt-realizability is also worth some attention.
It is not difficult to show that t-realizability is Icss restrictive than rt-I'ealizability in
the following sense: given a set of data in form of the relation T violating Condition
(ii) of "fheorem 1, it may nonetheless be possible to define a relation H in terms of T
satis(ying Condition (ii) of 'l'heorem 2. Thus, while there is no rooted tree that could
represent the T relation, there might be an unrooted tree representing an
appropriately defined jf relation. Rather than developing this in an abstract and
general setting we present an example of a dissimilarity index 8 demonstrating this
point.

Example 3. Suppose we have an index 8 such that

8(a,d) = 8<8(a,b) = 9<ö(b,c) = 8(a,c) = 10<8(b,d) = 11 <ö(c,d) = 13

for some a, b, c, d. The reader may check that the corresponding T-structure is not rl-
realizable (where '1' is defined in the way indicated in Remark 2). On thc other hand,
we have

ö(a, d) +ö(b,~) < min {8(a, c) +8(b, d), ö(a, b) +ö(c, d)},
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Le. the eorresponding H-strueture is t-realizable (where H is defined in the way
indicated in Remark 3).

5. Proofs of Theorems 1 and 2

Necessity of Condition (ii) in Theorems 1 and 2, respeetively, ean be ehecked easily
Rnd is left to the reader.

'l'heorem 1.

We show that (ii) in Theorem 1 implies (ii) in Lemma 1. Define subsets of A for
a,beA,a:;6b

N(a,b) = {xeA labT*x}

Rnd

d b -
{

[jN(a,b)I+I]-1 a~b
(a, ) - 0 a = b.

We claim that d is an ultrametrie with the property stated in (ii) of Lemma 1:
d(a,b) = 0 iffa = band d(a,b) = d(b,a) for any a,beS are obvious from the
definition. }i'or the ultrarnetrie inequality, let us suppose without loss of generality
that abTe holds. We show that

d(a, c) = d(b, e) ~d(a, b).

'l'his iMtrivial for a = b = c. If a = b:1:c,(0) followsfrom d(a,b) = 0 and the non-
negativity of d. If all three elements are distinet, acT*x implies bc'l'*Xand viee versa
by (ii) of Theorem 1 for any x, so that N(a, c) = N(b, c) which establishes the equality
in (D); moreover, ac'l'*Xand bcT*x irnply abT*x by (ii), thus N(a, c) c N(a, b),
yielding the inequality in (D). This also settles the only-if part of Condition (ii) in
Lemma 1. For the 'ir part, assume acT*b (if bc'P*a,a symmetrie argument folIows).
For any x with abT*x, (ii) of Theorem 1 implies acT*x, Le. N(a, c) 2 N(a, b). But
then actuaUy IN(a, c) I> IN(a, b) I holds beeause be N(a, c)\N(a, b). This completRs the
proof. It is not difficult to see from this proof that the representing ultranwtric d is
unique only up to strictly monotone transformations.

(D)

Theorem 2.

The same method of proof via Lemma 2 should be feasible in this ease, too, but it
seems to be m.ueh more eumbersome. We found it more eonvenient to use a method
charaeterizing trees in terms of eertain partitions of the base set S, the main tool of
whieh is due to ßuneman (1971). Suppose (8,11) is an II-strueture. A non-trivial
partition Uof a finite set S such that u = {SO,SI}; Le. SOr'\Si = ~, SOUSi = Sand
So,81 :;6~, is ealled a splil 01S. u is calied a split 01 (8,11), 01'simply H-split if for an
a,be8° and aU c,deSI abH*cd holds.

Splits share the following property with edges of a tree: they break up their
corresponding sets of elements 01'nodes into two subsets. Two splits of a set
8,ul = {SI0,SII} and U2= {B2°,S/} are called cornpatible ifat least one ofthe
following sets is empty: 810 r'\ 82°, S 11r'\ B2°, SI 0 r'\ S/ ,811 r'\ 821. In order for splits
to be interpretable as the edges or a to be construeted tree, splits must obviously be
pairwise compatible.
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Lemma 3. Any two splits of an IJ-structure are compatible.

Proof. Let u. = {B. 0,B..} and U2= {S20,S21} be splits of (8, }I); if UI = U2 they are
compatible because B. ° rjl.~I. = ,; if UI :I-U2 suppose aU intersections are non-cmpty,
Le. there exist aeS.o n82°,be81° nS/,ceSII n82°, and deRII n821; then these
elements are pairwise distinct and by definition of 1/ -splits, we have abl/*cd and
lUH*bd which is impossible by definition of 1/*.

The following lemma by Buneman (1971) teIls us that one gets a tree from any set of
pairwise compatible splits.

Lemma 4. (Buneman, 1971) Any set E = {UI' U2'..., Un}of distinct, pairwise
compatible splits of a finite set B constitutes a. tree 'I' if T is dcfined in thc
following way:

(i) the set of edges of T is identified with E;
(ii) the set of nodes of T is identificd with the set

N(E) = {{B.il,S2i2,...,8ni_}I B,/'e UIe'ile= 1,0

and Slei,n B,,/-:l-' for k, m = 1, ..., n};
(iii) and edge u" is incident with two nodes iff these are, in some order,

{CI i 1 S O S i_
} d {\."'I i I '"' I CI i_}.., I ,. . . ,I..Ie ,...," n an n I ,... , nie, ..., n n .

To establish t-realizabiJity of an IJ-structure (S, H) satisfying Condition (ii) of the
theorem we may thus proceed as folIows: first, determine the set of all distinct H-
splits of the set S; since 8 is finite, we can, in principle, decide.for every subset of 8
if, together with its set complement, it constitutes an H-split. By Lemma 3, these }/-
sp]its are pairwise compatible. Hecond, by Lemma 4 we know tlwrc exists a tnw with
nodes und edges defined as above. 'l'hird, we have to show that there is a one-to-one
correspondence j between the elements of Band the terminal nodes of the tree such
that aH terminal nodes have the appropriate configuration. To establish this third
step and thus complete the proof we need some further lemlnas.

Lemma 5. (Buneman, 1971) For a tree T defined as in Lemma 4, the degree of a
Hode is equal to the number ofminimaJ elements the node contains, whcl'c
minimality refers to set inclusion. MOJ"eover, for a terminal node the intel'section
of its elements is non-empty.

Lemma 6. Let (8, H) be an H-structure, E the set of all pairwise compatible
splits of (S, H), and T the tree that l~xists according to Lenuna 4; then there is a
one-to-one correspondence J between the elements of 8 and the terminal nodes
ofT.

Proof. Suppose E = {UI'U2'..., un};for a eS, {{a}, ,,~{a}} e E by (i)-(iii) of Definition
3; we may suppose, for convenienee, a.e 8i°(i = 1, ...,11.);then, obviously,
f(a) = {RIO,..., {a}, ""SnO} is anode; suppose among the members of j(a) there is a
minimal one different from {a}, sa.}'Sle°;then we have {a} c Sle°, violating minimality
of S"o; thus, by the previous lemma, J(a) is a tCl'lninal node; for beS,a:l-b, ifJ(b) is
constructcu in a similar manner, j(a) andJ(b) would at least differ on
U= {{a},8\{a}}, i.e.J(a):l-j(b), andJ is injectivc; conversely, for a' a terminal node of
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T,a' = {81h, ...,8ni.}, let us take some 8"oea' to be the one minimal member; suppose
8,,° contains more than one element; take any beS"o and consider the If-split
{{b},~\{b}}. {b} cannot be a membel' of a' because minimality of 8,,° would be
vioJated; thus ~\{b}eu'. Then b iNnot (~Iement of the intel"Hectionof aU membel"Hof
a', Le. bf n~=1S,"; this implies nr=1S,., = ~, contrary to the last statement in
Lemma 5. Thus SIe° is a one-element-set, SIe° = {u} say. To summarize, for any
terminal node a' we may find an element a of 8 such thatf{a) = a', i.e. f is surjective
and the one-to-one correspondence is established.

The following lemma is essential for showing that the terminal nodes have the
appropriate configuration.

Lemma 7. Let (8, If) be an II-structure satisfying Condition (ii) of Theorem 2;
then for any a, b,C,deS such that abJI*cd tlwre is an 11-split {SO,S1} with
a, be8° and c, deS!.

Proof. In what folIows, we distin~uish between the two propositions contained in
Condition (ii) of Theorem 2; if the premise aeH*cd is valid we I'efer to Condition (ii)
as Condition (I), if ael/be is valid we call it Condition (II). If a = b, {{a}, ,,"\{a}} is an
J/-split of the desired form; if c = d, then {{c},",,\{c}}as weIl.Otherwise, we define a
split by

81 = {eeSlabll*ce} and SO = {eeSlacH*be 01' aeH*bc 01' abceH}.

Thus, if abll*cd, any other element e is contained either in 81 01'in SO and a, b, e SO
and C,d e 81. }1'or{SO,S1} to be an H -split we have to show that; for any 'U,'veSO
and any x, yeR1, uvll*xy.

For x, y we have abH*cx and abH*cy; for u, v we mUHt distin~uish six cnses: (a)
llcH*bu & acII*bv, (b) aclI*bu & avll*bc, (I:)acH*bu & abc'vll, (d) abc'u11 & abc'vII, (e)
lluH*bc & avl/*bc, (f) auH*bc & abcvII;

(a) : ool/*b'v & cylJ*ab imply ayl/*b'v by (11); caH*bu & cyll*ab imply ayll*b'u by
(II); abH*cx & abll*cy imply abll*xy by (I); ball*J:!1 & b'vII*a!1 irnply avll*xy,
baJ/*xy & bull*ay hnply a'u/I*xy, by (11); thus u'lJJ/*J.'!1by (1);

(b): call*bu & c!lll*ab impJy ayH*bu by (11); abJ/*cx' & avH*bc im}>ly IJ'VlI*cx by
(II), thus lw/I*cx by (I); abH*cy & a'IJ/I*bc imply IJ'lJI/*cy by (11), thus avll *cy by (I);
thus avH*xy by (I); baJI*xy & bu//*ay imply u.uH*xy by (11); then avJ/*xy &
lluH*xy impJy uvH*x!1 hy (I);

(c): aclJ*bu & a'vIlcb imply cv//*bu by (11); abH*cx & avHbc imply bvll*cx, ab//*cy
& avHbc imply bvIJ*c!j, by (11); then buH*vc impli,cs vuIl*cx & vuJJ*cy by (11), thus
uvJl*xy by (1);

(d): abll*cx & avIlbc imply bvlJ*cx, abIl*cy & (l'lJHbc imply bvll*cy, by (11); thus
bvH*xy by (I); abll*cx & aul/bc imply buJI*cx, ablJ*cy & a'uHbc imply buJI*cy, by
(II); thus b'uH*xy by (I); then u'vll*xy follows from (1);

(e): uvll*xy follows from (a) by interchanging a and b;
(I): uvH*xy follows fl'om (c) by interehanging a a.nd b; this completes the proof.

~ow, suppose we have a,b,c,d,e 8 such thnt abH*cd. According to the definition of
t-I'calizability, we have to show that (f(a)J(b))*(J(c)J(d)) holds for the terminal noues.
13ythe pl'cvious lemma, there is an H-split a = {SO,Sl} such that a,beSo (lnd
C',d eS1, 'fhus, by Lemma 4 and Lpmma B, a is an edgp in the tree which is incident



178 H. GoloniuRand H. H. Schulze

with two nodes PI' P2' let us say
- {CI i. CI h CI 0 CI i.} nd - {CI i. CI i2 CI 1 CI i. }Pl- °1,°2 ,...,°1,...,°" a P2- °1 '°2 ,...,Ot ,...,n" ,

Le PI and P2 differ only on o. Since in a tree, any two nodes are joined by a path,
there are paths from PI to f(a), from PI to f(b), from P2 to f(c), and from P2 to f(d),
respectively. Obviously, (f(a)f(b))*(f(c)f(d)) holds if 0 is not contained in any of these
paths. 'fo this end, we refer to Buneman's (1971, Lemma 1) construction of a path
between any two nades of the tree. Ji'or exam pIe, an alternating sequenee of nodes
and edg;es qt, {Ql,q2},q2' ..., {QIl8-t,QIl8},QIl8is a path from Pt tof(a) if Qt = Pt, Qrn=f(a)
and if q} has one element more in eorumon with f(a) tha.n q}-J.:. for j = 2,... ,m. By
Lemma 6, we have {a}ef(a); but then ROef(a), too, since {a}r \SI = ~. llecause
l~oepl., in the path from PI to f(a), SO will never be replaced by SI, Le. 0 is not
eontained in thc path from PI to f(a). The analogous argument füllows for the paths
from PI to f(b) and from P2 to f(c) and f(d). 'l'he ease abcdH ean be dealt with
similarly and is lcft to the reader. This ends the proof of Theorem 2.

6. Concluding remarks

While Theorems 1 and 2 give a complete answer to the representation problem for
T- and I/-struetures, I'espectively, this is somewhat less than one might desire from a
pragmatic point of view. In fact, if the set of objeets to be judged is large, the
numher of tripies or quadruples of objeets that have to be presented to the subjeet
mn.y b(~Ju'()hibitive. On the other hand, it is obvious that given an rt.r'('i\Jizable
T-structure (01'a t.rl~u.lizablcJJ-stJ'uctUrl~)not aH 3-clmncnt (or 4-cllHIH.'ut)
eonfigurations have to be known for eonstrueting the tree: same of thcm ean be
dedueed from others, for example via the axiom stated in Theorem 1 (or Theorem 2).
The question then is if there is same general way tO eharacterize a minimal set of
eonfigurations suffieient for the tree to be deterTnined. We do not have an answer to
this but our conjeeture is rather to the negative.

A preliminary experiment on verbal meaning, described in full in Rchulze &
Colonius (1979), provides an illustration of the methods suggested in this paper. Rix
subjects were presented with 3- and 4-elemcnt subsets uf verbs of judging taken from
a set of verbs investigated in Ji'illcnbaum & Rapoport (1971). Three lists of seven
verbs eaeh were used. For example, one list eonsisted of admit, confes8, deJe.nd,excuse,
forgive, fustif!}, pardun. Rubjects had to decide, fur every 3-element and 4-element
subset of eaeh list, which T- and which lI-relation, l'eHpectively, was appropriatc. For
en.eh suhjpet, tlH' clllta for (~n,ehlist. w(~retJH'n analysed by tree eonstruction
u.lgua'iUtlUH timt U."l~ Vu'l'iU,lItH 01' t.l1l~ Hill~ll..lillk II.I~o..itlatll (ll.g. ,Ju...dilll~ ,II,r.Hi ItHOII, 11)71)

nnd Xnttath & 'I'V('f'sky's (IB77) ILI~ol'ithmf()f'additive tl'Ces. Tlw Humbt.~I'of'/'- ur 11-
l"l~la.tionscOff'cetly l'Cpl'CSlmtl~Jin thc tree wus tulu'll us un ilulicutor 01' eousisLt'ney 1'01'
the subjeets' judgements. 'fhe da ta va ried between perfeet fit and about 66 per cent
correctly represented relations.

While strictly speaking a tree representation is warranted only if the axioms are
perfectly satisfied, the results suggcst that, at least, thc procedure is a meaningful
one for the subjects. Obviously, a statistieal evaluation or a simulation study is
needed. In general the number of incorreetly represented n~lations was higher for T-
structures than for 11-structul'es and Xehulze & Colonius (197H)diseuss thc posRibility
of interpreting the edges of the two sorts of trce as semantie features.
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