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A Note on Moments of Certain Record Statistics

D. Pfeifer

Institut fur Statistik und Wirtschaftsmathematik, Technische Hochschule,
Wüllnerstr. 3, 5100 Aachen

Summary. Asymptotic expansions for the mean and variance of the loga-
rithms of record and inter-record times from i.i.d. random variables are
given, refining rough estimations from Rönyi's and Neuts' Central Limit
Theorem for these record statistics.

1. Introduction

Let {X^;n>-l} be a sequence of i. i .d. random variables with continuous
distribution function. The inter-record times {/,; n2.0} and record times
{U,; n20} are recursively defined by

/ o :1 ,  An+ t :m in  {k ;  Xu^*u>Xu^}  w i th  U , - -  L  /o ,  n20 ,

which by the continuity assumption above are u.r. *.U-i**.d. As has
proved by R6nyi [5] and Neuts [3],

(1 )

logu^-n -2--"tr1o,ty, 9ea!:!-%rre,\ e)
1/n  1 /n

using the same normalizing constants for the essentially different sequences

{U,;  nä0} and { / , ;  n=0}.  However,  (2)  suggests that

E( log U,\*E( log /^)xn

Var( log U^)xYar( log/ , )xn 
(3)

should hold for  large n. In fact ,  the sequences { logU";n20} and { log A^;n2.0}
are closely related to the arrival-t ime sequence {7,; n>l} of a unit-rate
Poisson process (cf. Shorrock [7], Resnick [6], Deheuvels [2]). For example,
U^; n> 1) is ident ical ly distr ibuted with the sequence { lY, l - log(1 -exp(-4) l

+l; n2I]r where {Y,; n2l} is a sequence of i. i .d. exponentially distrib-
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uted random variables with unit mean, independent of the underlying Poisson
process, and t. ] denotes the integer part. From this, we have by suitable
construction (cf. Deheuvels [2])

log/^: log Yn+Tn+o(l)  a.s.  (n--+oo).  (4\

Since - log { follows a doubly-exponential distribution we have

E( log  /n ) :n  -  C  
"+  

o( l )

Var (1og / n\: " *T+ o (1) (n -r oo)

where C denotes Euler's constant (cf. Pfeifer [4]).
In the present note, we will establish more elaborate expressions

moments, from which the different growth behaviour of {U,; n20}
r? > 0) will become more apparent.

2. Main Result

(5)

for these
and { / , ;

Theorem. For n--+@,

E(rog / ) :n -c* t  (+) , var(rog /n):"++.t (+), (6)

E(log u) :n*r-C+0 6),  var( log u,) : r+r-+. t  6)
Proof . While (6) was proved in [a] approximating the log function by means of
partial sums of the harmonic series (from which the error term essentially is
coming up) we shall for the proof of (7) make use of William's [9] representa-
tion of record times (cf. also Westcott [8]). For this purpose, let {(,; n>1} be
a sequence of i.i.d. random variables following an exponential distribution with
unit mean. Define random variables {V,; n)0} and {D^; n>0} by

V s : D s : 1 ,  V n : l V n - r e < " ) + 1 ,

D n : V n - V n - r ,  n 2 I .

{ (V , ,  D , ) ;  r4>0}  ?  { ( l ^ ,  / ^ ) ;  n=0} .

(8)

(7)

Then

Since by (8),

and

log(et - -1)< losD^- log h- , ,3roe ( r ( " -1+ 
*) ,  

n2r  (9)

E{rog (e1-- �1) } :0 ,  r { r "s  (n" - � r , . * ) } :u  ( r :H)

by the independence of (nand Vn_r, we have

E(log /,) - t (;_+-) = ufto* u ̂  -,) S E (rog /,). (10)
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Note Added in Proof

The results above suggest that the a.s. convergence in (4) also might be of
exponential order; this can in fact be proved by an appropriate Borel-Cantelli
argument, giving a rate of convergence at least as good as

tos /^:1oB Y,+ rnl. " (+) a.s. (n -- oo)

for every p>I.

(1 3)
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Here we give details for the arguments outlined on p. 295 to prove relation (12). 

By the Markov property of record times, we have 
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hence 

( )( ) ( )1 |+ = +n n nE S U U S U 1 0.³n for                                            (16) 

By induction, this yields 

( )( ) ( )( ) ( )( ) ( )( )1 1 0  for 0| 1 1- -
é ù= = + = = + = +ê úë û ³n n n nE S U E E S U U E S U E n nS U n .          (17) 

Now since 

1
( ) log ( ) C- - £ £ -S k C k S k

k
 for                                        (18) Îk

as was proved in [4], we finally get 

( )( ) ( )1 1
1 l

æ ö æ ö÷ ÷ç ç é ù÷ ÷+ - - = - - £ £ + -ç ç÷ ÷ ë ûç ç÷ ÷ç çè ø è ø
n n

n n

n C E E S U C E E U n
U U

og 1 C 0.³  for n           (19) 

It remains to prove that 
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2
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E
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1
0.³ for n                                                         (20) 

But this follows from (8), observing that x-= n
nZ e  is uniformly distributed over ( )0,1  so that 
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which, by induction, implies (20). 
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