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Abstrsct

It is shown that an elementary pure birth process is a mixed Poisson process
iff the sequence of post-jump intensities forms a martingale with respect to the
o-fields generated by the jump times of the process. In this case, the post-jump
intensities converge almost surely to the mixing random variable of the process.

INTENSfiES: COMPLETELY MONOTONIC FUNCTIONS: BERNSTEIN'S THEOR"EM

l. Introduction

Mixed Poisson processes play an important role in many branches of applied
probability, for instance in insurance mathematics and physics (see Albrecht
(1985) and Pfeifer (1986) for recent surveys). They belong to the class of
elementary pure birth processes {N(r); t > 0} with standard transition prob-
abilities

(1) p"- (s, t) : P(N(r) = - | w1r;: n), 0 = n = r r \  0 < s = f ,

possesslng

(2)

right-continuous paths and positive and finite birth rates

Ä"(r) : l im l  p^^*,{r , t  + h),  rL r>0,

and all finite-dimensional marginals of the jump-time sequence tL ; n =0) are
absolutely continuous with respect to Lebesgue measure (see Pfeifer (1982)). For
such processes, the jump times form a Markov chain with transition probabilities

( 3 )  p ( T ^ > r l ? " - , - s ) : l - I " t t l  .  0 s s s r ,  n > L1 - F " ( s ) '

and initial distribution function Fo where
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This proves the lemma.

The above result is in general not true without further conditions on G as can
be seen for example by mixing distributions concentrated in a single point A > 0;
here A" (t): A for all n and t, Ä being the only point of increase of G. As an
example, consider a Pdlya-Lundberg process where A follows a gamma distribu-
tion with mean p >0 and variance ap"', a >0. Here

DIETMAR PFEIFER AND URSULA HELLER

(10)

(13)

or equivalently

(1s)

^"(t):*ff i ,  n,rä0,
from which the validity of (9) can be seen explicitly, for all t > 0.

2. The martingale characterization

Let {Ä" (7"-,); n >L} denote the sequence of post-jump intensities. In the light
of (2), the post-jump intensities describe the transition behaviour of the process
immediately after a jump has occurred. The following result gives a characterua-
tion of mixed Poisson processes by a martingale property of this sequence.

Theorem 1. Let {N(t); t = 0} be an elementary pure birth process with
intensities {Ä^ (t); n,t =0} and jump times {T^;n =0}.For n ä 1 let ./" denote
the o-field generated by To,"',Tn-r. Then {N(t); t >0} is a mixed Poisson
process ift the post-jump intensities {4" (7"-t); n > 1} form a martingale with
respect to {, i l .^;n>-1}, and E(^'(T') |  f '= 1): A6(r) a.s.,  /  20.

Proof. Due to the Markov structure of jump times the martingale property of
the post-jump intensities is equivalent to

(1 1) E(Ä"*,(T") |  4-, -  t) :  ^^ (t)  a.s. for al l  n > L

which bV (5) and (6) is in turn equivalent to

( tz )  I -41 t#ds-#ae
saying that (a suitable version of) /" is almost everywhere differentiable with

Ä  1_ t r  r r \ \__  f " * , ( r )  _ l i (L ,  
, l

(14) fitog(t 
- F".,(r)) _ F"*,(,) f^Qj: ätogf"(t) a.e.

Integration of this last relation shows that there are constants c" > 0 such that

l-  F^*r(t) -  c"f"(t) ,  t  >0,
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The question now is what the possible limits of the post-jump intensities are. The
following result gives an answer to this.

Theorem 2. If A is the mixing random variable of the process, then the
post-jump intensities converge almost surely to A.

Proof. For any mixed Poisson process, we have (n+I)lTn+A a.s. by the
strong law of large numbers, applied to the Poisson process with rate I,
conditionally on A: A, and by the law of the iterated logarithm,

|  ̂ #;ft-1 | 
: t (JF-'*,) : o(n-''� ') a.s. ror n+o

Since also A is almost surely concentrated on the points of increase of G, the
c.d.f. of A, we have by the above lemma

(23) A"*'(T") : Ä"*,((n + 1)(7; ln + I))- (n + I)IT" + lr ä.s.,

which proves the theorem.

For instance, if A is concentrated on two points u11v2 with mass a and I- a

each (c > 0), then

(24)

where h(rt,rr): (logvz- log v)l(vz- vr), as can be seen from Lundberg (1940),

relation (108). Since U vz1 h(rr, ,r) 1U n always, it can explicitly be seen that

f ,r, t < h(v', vr)
Ä " ( n t )  + f  a v r + ( 1 -  q ) v r ,  t : h ( v r , v r )

I vu t ) h(vy v2)

I r, with probability a
A^*,(7") - I

l r, with probability I - o,
(2s)

i .e.
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Note added in proof. A direct proof of Theorem2 can be obtained by the fact
that analogously to (8), we also have

^,  ( t )  :  E(A |  ?"- ,  :  r )  a .s . ,  t  20,  n 2!
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