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Summary. We present a simple joint strong approximation for the logar-
ithms of record and inter-record times from an exchangeable sequence,
including an exact estimation for the rate of convergence in terms of upper
and lower class functions of a Wiener process. The approach chosen here
allows for simple proofs of exact and asymptotic (joint) results for record
and inter-record times, such as the Law of Large Numbers (LLN), Central
Limit Theorem (CLT) and Law of the Iterated Logarithm (LIL), and
others.

I. Introduction

Let {X^;n>-l} be an i. i.d. sequence of random variables (r.v. 's) defined on
some probabil ity space (Q,.i l ,P) with a c.d.f. F such that either F(x)<I, all x,
or the r ight  end x-:suP{xelR; F(x)<l}  is  not an atom of F.  Then the
associated record t imes {U^;r}0} and inter-record t imes {A,;n)0} given by

A o : 1 ,  / n + r : i n f { k  ) X r ^ * o > X u ^ } w h e r e  U , :  
o t o O o ,  

n 2 0 ,  ( 1 . 1 )

are a.s. well-defined (see Shorrock t10l). A large number of exact and asymp-
totic results for these sequences has been given in the literature, e.g. by R6nyi

[8] who stated that the record times form a homogeneous Markov chain with
transition probabilities

P(U,*  r :k lU, : i ) :  ^h ,  
I  < i  <k ,  n20, (r.2)

independent of F, in case that F is continuous (which we shall assume in what
follows). He also proved the LLN, CLT and LIL for record times, i.e.

I

; 
tot Un--+ 7 a.s. (rr --+ oo ) (1 .3 )
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( 1 . 4 )

(1 .5 )

1 , o

- (log tJ, - r) -:_- f 10, t1 @-- q)
l /n

l imsup+j999:L:t  a.s.' 
t/ 2 nloglog n

For the inter-record time sequence it was shown by Shorrock [10] that given
the record value sequence {Xu^in=0}, the inter-record times are conditionally
independent and geometrically distributed, i.e.

P( / , *  t : k lX  r . ) :  { l  -F (X i l }  Fo- t (X  r^ )  & .s . ,  k>_1,  n }_0 ,  (1 .6 )

which is intuitively clear by (1.1) since the record times Un are stopping times
for the original sequence {X,;n> 1}. From this observation he derived

Itrt 
/ n- l a.s. (n -- oo)

l -

- ( los A^-n) - : - - ,  Jf  Q,I)  (n --  oo)
l / n

l imsup +-y-:t a.s.
|  2r  log log n

(these results have been obtained previously by Neuts [5] and Strawderman
and Holmes [12], using different techniques.) The fact that although we have

n

Un: L /o,n)0, the same normalizing constants appear in these limit laws for

bothk;elquences makes it clear that e.g. the normal approximation (1.4) and
(1.8) cannot be very powerful for small values of n. This was already pointed
out by Neuts [5] who suggested that n should be at least as large as 1000 in
order to obtain satisfactory results. This will also be discussed in this paper
when asymptotic evaluations for logUn-log An are investigated.

Shorrock [10] also pointed out that the sequence {logUn; n)0} should be
close to a Poisson point process in some sense (see also Resnick [9]), explain-
ing for the l imit relations (1.3) to (1.5). A constructive approach to this
question was made by Will iams [15] and Westcott [14] who showed that if

{Y";n2I} is an i. i.d. sequence of exponentially distributed r.v.'s with unit
mean, then the sequence {Uf ; n > 0} defined recursively by

Ut :1 ,  Uf , * t : l (J f ;  , ' - * ,1 ,  n20,

where ]. I denotes the nearest integer not less than the real number specified, is
a Markov chain with the same distribution as {U,;n)0}, and

log Un* : L Yo+ O(1) a.s. (n -+ oo)
k : l

(r.7)

(1.8)

(1.e)

( l . r 0 )

( l . l  l )
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(1.10), even valid for exchangeable sequences {Xn, n> 1}, which simplif ies (1.16)
and at the same time allows for a joint strong approximation of record and
inter-record times. Besides the limit laws mentioned above, also Galambos' and
Seneta's [3] results for the i.i.d. case are easily reobtained, and some others,
including exact estimations for the rate of convergence as in (r.r4).

In fact, it is easy to see that if {X,; n>1} is an exchangeable sequence and
the probabil ity of t ies is zero (i.e. P(Xr:Xz):0), then again record and inter-
record times can be defined as in (1.1), likewise for the record values {Xo^)
n20). Namely, by de Finetti 's theorem, we may assume that there exists areäl
r .v.  A on (o, , i l ,P) such that condi t ional ly on A:LeR, {x^;  n>1} is an i . i .d.
sequence with c.d.f. F^, sav. Now since ties occur with probability zero only we
must have P{Xr:XzlA:1):0 P^-a.s.  which in turn impl ies that  F^ is con-
t inuous for P1-almost al l  ) . , i .e.  g iven A:) . ,  { (1, ;n>0} is a Markov chain wi th
transition probabilities given by (1.2), independent of )., for P1-almost all Ä.
Hence under exchangeability, if ties occur with probability zero only, {U,;
n>0) and {A,; n>0} are a.s. well defined, the record times forming a homo-
geneous Markov chain with transition probabilities given by (1.2) as in the i.i.d.
case.

Note that the condition of zero probabilities for ties can in general not be
replaced by a continuity assumption on the marginal distribution (as in the
i.i.d. case) as can be seen by the exchangeable sequence {x,; n>r} where
Xn=X, for all n>2. Of course, in the case of independence, these two con-
ditions coincide.

As has become obvious from the preceding remarks, all relevant infor-
mation on record and inter-record times is contained in the Markov chain
with transition probabil it ies given by (1.2).It wil l therefore be necessary to deal
with strong approximation techniques for Markov chains as developed in the
following section.

II. Strong Approximation for Markov Chains

Theorem l. Let {S^; n>0} be a real-ualued homogeneous Markou chain on the
probabil ity space (Q,,i l ,P) with So:constant a.s. and regular transition probabil-
ities (which here always exist). Let further denote F'(.1.) the corresponding
conditional c.d.f. Then there exists an i. i.d. sequence {V^; n>I} of uniformly
qll\,ll-distributed r.u.'s on the same probability space (euentually after en-
Iarging) such that

S n + r : F - t ( 4 * r l S , ) a.s. for all n20 (2.r)

where  F- t ( r l . ) : in f {z lF (z l . )>u} ,0  <u<I  denotes  the  pseudo- inuerse  o f  F( .1 . ) .

Proof. Let {W,; n>-I} be an i. i.d. sequence of 0?t [0, l]-distributed r.v.'s on
(Q,,i l,P) independent of {S,; n)0} (which eventually exists after enlarging the
probability space). Let further denote

F_(r l . )  :  l im F(z -h l . ) ,  ze IR.
t r J 0

(2.2)
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Relation (2.I2) gives a simple proof for the main result in Galambos and
Seneta [3]. It should be pointed out here that for all n]-0, Yn*, and vn*, are
independent from (Uo,...,U,) as can be seen from the recursive structure in
(2.e).

Relation (2.11) will be the key for a joint strong approximation for the
logarithms of record and inter-record times. This will be worked out in more
detail in the followins section.

III. Joint Strong Approximation for Record and Inter-Record Times

Theorem 2. Without loss of generality, there exists on the same probability space
where {u,; n>0} ls defined a unit-rate Poisson point process {\; r>-r} and a
non-negatiue r.u. Z possessing all positiue moments with mean E(Z)- 1 - y such
that

: Z * \ + o ( . - o  ( - , r *  r ,  ( :

('*o
@ t

roe(r .H)<z<rr"T

n * n "  ( ; ) ) )

) ) )

( -

(3 .1 )

(3.4)

(3.5)

a.s.

(3.2)

where again t" (+) belongs to the upper class of a Wiener process. The rate

result cannot be improved to lower class functions, not even if o(.) is replaced
bv o( . ) .

Proof. Summing the equalities in (2.11) we obtain

tog(Jn*, -_ä y** r:_äto* (r.#h) u r. ,  n20. (3.3)

Now let
n

T,: L Yo
k : l

From relation (2.8) we see

i
k : o

with llUuSexp(- 4) a.s. from which it follows that Z and the normalized
Poisson process {(7,-")ly'n; n>1} are asymptotically independent. Also, re-
lation (3.5) shows that the rate of convergence in (3.2) is exactly determined by
the tail series

for n2r, t: 
otrLos (r -#)

that

Z and {(\-dlt/ i;n>1} are asymptotically independent;

l o g U , a.s. for n--+ e,

log /, :  Z * d + log(1 - exp(4,_, - T,)) + o

for n --,

Z.TsäexP(-4)  as (3.6)
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{U,lU,*r, nZO} is asymptotically i. i .d. with q/l},I l  distribution (Shor-
rock l l l f; Thta [13]);
(  r r  J  /  /
t t " tä;  

t=t j  is up to an 4.s.  error of  magnitude o ( .*n (- ,
/ 1 \  \  \

tnH 
\;))) 

- unifurmly close to a unit rate Poisson point process.

D. Pfeifer

(3 .1s)

Of course, many more of such limit relations can immediately be derived
Theorem 2.

(3.16)

from

Finally, relations (3.10) and (3.11) show that with respect to the normal
approximation of record and inter-record times given in (1.a) and (1.8), we have

logu' -n 
-log / n-n : o(n- rt2 logn) a.s. (n --+ oo)

f i { "
(3.r7)

which cannot be improved upon. This explains why for small or moderate
values of n this approximation cannot give satisfactory results.

Concluding remarks. Obviously, the Poisson processes used in Deheuvel's repre-
sentation (1.13) and in our approach (3.2) arc not the same, hence Theorem 2
does not give joint results for record times and record values as in (1.16).
However, a possible connection between these two representations can be seen
as follows.

Let {E,; n2l } be the i. i.d. sequence of unit-mean exponential r.v. 's forming
the increments of the Poisson point process used in (3.2).Starting with (1.13),
we obtain 'Yl;;,,'li^,:i*';;^'.-,:,iJiii';:;^.,1i"'
since \* ,  - \  and { log Y,*,  - log Y^} arc independent and by (3.11),

l o g  Y , * ,  - l o g  Y n {  E n * 1  * l o g ( 1  - s - E n + r ) ,

following a logistic distribution. But the right hand side of (3.1S) is just
(asymptotically) the increment of the logarithmic inter-record time sequence
derived from the representation (3.2). In the l ight of relation (3.18) it seems
impossible to establish a direct (strong) relationship between the different
Poisson processes involved, unless constructions as in (1.16) are considered.

Acknowledgements. I would like to thank P. Deheuvels for some stimulatine discussions in this
area of extremal statistics.
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