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RESEARCH ARTICLE 

A probabilistic variant of Chernoff's product formula 

Dietmar Pfeifer 

Communicated by J. Goldstein 

Abstract In this paper we present a version of Chernoff's product formula 
based on probabilistic representations for equi-bounded operator semigroups 
which covers e.g. Hille's first exponential formula as well as the Post-Widder 
real inversion formula. General rates of convergence are given in terms of the 
rectified modulus of continuity. 

1. Introduction 

Let X denote a real or complex Banach space with norm 11.11 and [(X) 
the Banach algebra of bounded endomorphisms on X. Let further denote {T( t) I 
t;::: O} ~ £(X) a one-parameter semigroup of operators of class (Co). Then the 
following well-known properties hold true: 

a) For each f EX, T(.)f is strongly continuous. 
b) For the characteristic exponent w ;::: -00 one has 

W= inf~logIIT(t)11 = lim ~logIIT(t)11 < 00. (1) 
t>o t t-+= t 

c) For each "I > w, the exists a constant M ;::: 1 such that 
IIT(t)11 ::; Me'l/t, t;::: O. (2) 

In particular, there exists always a pair ("I,M) E lR x [1,00) such that 
relation (2) holds. 

In case that in (2) the choice "I = 0 is possible the semigroup is also said 
to be equi-bounded; if in addition M = 1 is admissible then {T(t) It;::: O} is 
called a contraction semigroup. Obviously, every semi group {T(t) I t 2 O} of 
class (Co) can be transformed into some equi-bounded semigroup {Set) It;::: O} 
by means of 

Set) = e-'l/tT(t), t;::: 0, "I> w. (3) 

If Ah denotes the operator 
1 

Ah = h"[T(h) - I], h > 0, (4) 

and D ~ X denotes the set of all elements f E X such that the strong limit 
limh!o Ahf exists in X, then the (infinitesimal) generator A of {T(t) It;::: O} is 
- as usual- defined to be the operator on D = D(A) given by 

Af = limAhf, f E DCA). (5) 
h!O 

Recall that D(A) is also called the domain of A. 

The following basic result of semigroup theory can be found in almost 
every textbook on this subject, see e.g. Butzer & Berens (1967) or Goldstein 
(1985). 
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Theorem 1.1. (Representation of Semigroups) Let A be the generator of a 
semigroup {T( t) I t ~ O} of class (Co). Then there holds true: 

a) If A is a bounded operator, then 'D(A) = X, and the semigroup is 
necessarily of the form 

00 t k 

T(t)f = exp(tA)f := L k! Ak f, f E X. 
k=O 

(6) 

In this case, {T(t) I t ~ O} is also uniformly continuous (i.e. stronly 
continuous in the operator topology over [(X)). Conversely, if the 
semigroup is uniformly continuous, then A is bounded, and relation (6) 
holds true. In particular, for any bounded operator A, (6) always defines 
a uniformly continuous semigroup {T(t) I t ~ O}. 

b) In general, with the notation of (4), 

T(t)f = limexp(tAh)f, f E X. 
hl0 

(7) 

For equi-bounded semigroups, an estimation for the rate of approxima
tion is given by 

for 0 ::; t ::; b - Vh, where 

if f E X 
if f E 'D(A) 

(8) 

wb( T, f) = sup {IIT( t)f - T( s )fll I s, t E [0, b], It - sl ::; T}, T > 0, (9) 

denotes the rectified modulus of continuity of {T(t) I t ~ O} over the 
interval [0, b]. • 

A proof of relation (8) which sharpenes a corresponding statement in 
Butzer & Berens (1967) is given in section 2 below. 

Part b) of the preceding Theorem is usually referred to as Hille's first 
exponential formula. Note that here {exp(tAh) I t ~ O} is always a uniformly 
continuous semigroup with bounded generator Ah for all h> O. 

For the general case, rates of approximation can e.g. be obtained via the 
transformation given in (3) observing that - up to terms of order O(h) and 
uniformly in t in compact intervals -

S(h) - I 
where Bh = h ' h> O. 

Besides classical representation formulas as such above there is another 
way of obtaining the semigroup by limits of operator products, known as Cher
noff's product formula (Chernoff (1968, 1974)). We state the corresponding 
theorem as in Goldstein (1985), Theorem 8.4. 
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Theorem 1.2. (Cbernoff's Product Formula) Suppose {T(t) I t ~ O} is a 
contraction semigroup, and {Vet) I t ~ O} is a family of contractions on X 
witb V'(O) = I sucb tbat tbe derivative V'(O)f exists for all f in a subset 'D 
of X, and tbe closure A of V'(O)lv generates {T(t) I t ~ O}. Tben for eacb 
fEX, 

lim V (!)n f = T(t)f, 
n-+oo n 

(11) 

uniformly for t in compact subsets of R+. • 
In this paper we want to show that a version of this theorem can be 

obtained by probabilistic representations as in Pfeifer (1984 a,b, 1985, 1986), 
together with rates of convergence similar to (8), even for general (not necessarily 
contraction or equi-bounded) semigroups. 

2. The probabilistic setting 

A general approach to representations of semi groups of class (Co) going 
back to ideas of Bernstein as early as 1912 - picked up later by M. Riesz (cf. Hille 
and Phillips (1957)) and Chung (1962) - has been developed in more detail by 
Pfeifer (1984 a,b, 1985, 1986), covering in particular Hille's exponential formula 
as a special case. There is, however, the problem of measurability of semigroups, 
which is in some sense a necessary condition in order to apply probability theory. 
For the sake of completeness, we shall recall some of the most important results 
here, mostly without proof. 

Proposition 2.1. (Measurability of Semigroups) Let {T(t) I t ~ O} be a 
semigroup of class (Co) witb generator A. Tben for any f EX, tbe map 
T(.)f: t r-+ T( t)f is continuous, bence (strongly) measurable w.r. t. to tbe 
Borel a-field generated by tbe topology over X. Tbe map T(.): t r-+ T(t) is, 
in general, only measurable w.r. t. tbe Borel a -field generated by tbe operator 
topology over £(.1') if A is bounded, i.e. iftbe semigroup is uniformly continuous. 
A sufficient condition for T(.) to be neitber measurable nor separably valued is 

liminfIIT(t)- T(to)11 > 0 
tlto 

(12) 

for some to > O. • 
A simple example of a non-measurable semi group is given by the semi

group {T(t) I t ~ O} of translations, defined by 

T(t)f(.) = f(. + t), t ~ 0, f E UCB(R), (13) 

where UCB(R) denotes the Banach space of uniformly continuous, bounded 
functions on R, equipped with the norm Ilfll = sup{lf(x)11 x E R}. Here there 
holds IIT(t) - T(s)11 = 2 whenever t -:j:. s, hence condition (12) is fulfilled. Note 
that in this case Af = f' (the derivative of f) which is an unbounded operator 
on the domain 'D(A) = {f E UCB(R) I f' exists on R with f' E UCB(R)}. 

When one attempts to consider "random operators" T(X) for a semi
group {T(t) I t ~ O} and a random variable X with values in R+ Proposition 2.1 
essentially says that such an object is, in general, not a random element in £(.1') 
in the strict sense unless the semigroup is uniformly continuous, i.e. the generator 
is bounded, or X is count ably valued. However, by the strong continuity of the 
semigroup, T(X)f is always a random element in X for all f EX. 

281 



PFEIFER 

Proposition 2.2. (Expectation of Random Semigroup Operators) Let {T(t) I 
t ~ O} be a semigroup of class (Co) with generator A and X be a random 
variable with values in ~+ such that the moment generating function W x, given 
by Wx(s) = E(e8X ), s ~ 0, is finite for s = T/ with T/ as in (2). Then for all 
f EX, E [T(X)f] = J T(X)f dP exists in the Bochner sense in X with 

liE [T(X)f] II ~ MWx(T/)llfll (13) 

where M is as in (2). Moreover, the map E[T(X)] : f f--+ E[T(X)f] on X 
defines a bounded linear operator E [T(X)] E £(X) with 

IIE[T(X)] II ~ MWx(T/). (14) 

E[T(X)] is also called the expectation of T(X). If, moreover, A is bounded, 
then 

E[T(X)] = E[eAX ] = f E(~k) Ak = wx(A), 
k=O 

(15) 

i.e. E [T(X)] exists in the Bochner sense in £(X). • 
Proposition 2.3. (expectation of semigroup operator products) Let {T(t) I 
t ~ O} be a semigroup of class (Co) and X and Y be independent ran
dom variables with values in ~+ such that the moment generating functions 
Wx(s) and Wy(s), s ~ 0, are both finite for s = T/ with T/ as in (2). Then 
E [T(X)], E [T(Y)] and E [T(X + Y)] exist in £(X), and there holds 

E[T(X) 0 T(Y)] = E[T(X + Y)] = E[T(X)] 0 E[T(Y)]. (16) 

where" 0" denotes composition. • 

Theorem 2.1. (Probabilistic Approximation of Semigroups) Let {T(t) I t ~ O} 
be an equi-bounded semigroup of class (Co) and X a random variable with 
values in ~+ such that E(X) = t E ~, and for the variance, Var(X) = u2 < 00. 

Let w b again denote the rectified modulus of continuity of {T(t) I t ~ O} as in 
(9). Then for any c: > 0 the following holds true: 

for f E X 
(17) 

for f E D(A) 

in the range 0 ~ t ~ b - c:. 

Proof. Let N denote the random variable N = 1 + llX: tl J with L.J de-

.' . IX-tl 
notmg the mteger part, and Y = mm{ X, t}, 8 = ~. Then 8 ~ c: and, for 
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fEX, 

IIE[T(X)]f - T(t)fll :::; E [IIT(X)f - T(t)fll] 

= E [II ~ [T(Y + kD)f - T(Y + (k - 1)5)f] II] 

:::; E [II ~T((k -1)5) 0 [T(Y + 5) - T(Y)]fll] 

:::; ME [Nil [T(Y + 5) - T(Y)]fll] :::; ME(N)wb(c,f) 

:::; M (1 + E(IXc - t l)) wb(c,f):::; M (1 +~) wb(c,f). 

This proves the first part of relation (17). The second part follows by a linear 
substitution (cf. Butzer & Berens (1967), Prop. 1.1.6), in an analogous way: for 
f E D(A) , 

T(X)f - T(t)f = (X - t)Af + (X - t) 11 [T(t + u(X - t)) - T(t)] Af du, 

hence 

IIE[T(X)]f - T(t)fll :::; ME(IX - tl· N)wb(c,Af) 

:::; ME(IX - tl + (X ~ t)2)wb(c,Af):::; MO"(1 + ~)wb(c,Af). • 

Corollary 2.1. (A Probabilistic Variant of Chernoff's Product Formula) Let 
{T(t) It;::: O} be an equi-bounded semigroup of class (Co) with generator A 
and X be a random variable with values in ~+ such that E(X) = 1 and the 
variance 0"2 = Var(X) is finite. Let, for t;::: 0, denote Vet) = E[T(tX)]. Then 
for all t ;::: 0, Vet) is a bounded operator on X with 1!V(t)11 :::; M, and there 
holds 

T(t)f = lim V n (!.-) f, f E X, 
n--+CX) n 

(18) 

with 

in the range 0 :::; t :::; b - n -1 /2, b > 0 (i. e. uniform convergence in compact 
intervals). Moreover, 

Af = lim ~(V(t) - 1)f = V'eO)f, f E D(A). 
t!O t 

(20) 

Proof. First observe that by Proposition 2.2, V( t) is bounded for all t ~ o. To 
prove the convergence part (18), it suffices to show relation (19). For this purpose, 
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let Y1, ... , Yn , n EN, be independent copies of X, and choose Y = ~ L:~=l Yk • 

u 2 t2 
Then vn(t/n) = E[T(Y)] by Proposition 2.3. But E(Y) = t, Var(Y) = -, 

n 
hence (19) follows from (17) with c: = n-1/2 . To prove (20) it suffices to show, 
for all f E D(A) , 

lfIr II ~(V(t) - T(t))fll = o. (21) 

But again by (17), chosing c: = t < b/2, we obtain 

II ~(v(t) - T(t))fll = ~IIE[T(tX)]f - T(t)fll 

::; Mu(l + u)wb(t,Af) ---j. 0 (t 1 0) 

which proves (21) and hence the Corollary. • 
Note that in case that the generator A is bounded and the moment generating 
function 'l1x(s) = E(esX ) exists in some neighbourhood of the origin, V takes 
the form 

Vet) = E[etXA ] = 'l1x(tA) 

for sufficiently small t, hence in this case, 

T(t)f = lim 'l1x (.!.A)f, f E X. 
n---+ex> n 

(22) 

(23) 

A special version of Theorem 1.1 b) can immediately be obtained from the above 
Corollary in case that X is Poisson-distributed with mean 1, i.e. pX = ~(1), 
since then 

1 00 1 1 00 1 
V(t)f = E[T(tX)]f = ; L k! T(kt)f = ; L k!T(t)k f 

k=O k=O (24) 

=~exp{T(t)}f=exp{T(t)-I}f, fEX, 
e 

and hence 

exp {tAtln } f = vn UJ f ---j. T( t)f, t ~ 0, f EX, (25) 

rates of convergence being given by (19) with u = 1. The more general version 
of Theorem 1.1 b) follows from Theorem 2.1 when X is of the form X = hZ, 
where pZ = ~(t/h), t ~ 0, h > 0, and c: = Vh. Here E(X) = t, u 2 = ht, hence 
(8) follows from (17) noting that, for any f EX, 

E[T(X)]f = e-tlh f (t/~)k T(h)kf = exp (-It [T(h)-Il)f = exp(tAh)f. (26) 
k. I 

k=O 

In the particular case that X is exponentially distributed with mean 1 we obtain 

V(t)f = E[T(tX)]f = 100 e-ST(ts)f ds 

1 roo 1 (1) = t io e-ultT(u)f du = t R t f, t > 0, f E X, 
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where R denotes the resolvent of the semigroup. Corollary 2.1 thus gives the 
Post-Widder real inversion formula 

rates of convergence being given by (19) with a = 1 agam. 

Finally we should like to mention that an extension of Corollary 2.1 to arbitrary 
(Co)-semigroups {T(t) It 2': O} is possible by means of the transformation (3); 
namely, if under the conditions of the Corollary, we let U(t) = E[S(tX)] and 
Vet) = e'ltU(t), t 2': 0, then (18) remains still valid since in (19), we only have 
to replace M by M e'lt. Note that the modulus of continuity w b here refers to 
the semi group S rather than T, which by (3) is, however, of the same order for 
small values of T (cf. relation (9)), up to some positive constant. 
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